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Abstract 

This paper concerns Floer homology for periodic orbits and for a Lagrangian intersection 
problem on the cotangent bundle T* M of a compact orientable manifold M. The first result 
is a new Z/°° estimate for the solutions of the Floer equation, which allows to deal with 
a larger - and more natural - class of Hamiltonians. The second and main result is a new 
construction of the isomorphism between the Floer homology and the singular homology of the 
free loop space of M, in the periodic case, or of the based loop space of M, in the Lagrangian 
intersection problem. The idea for the construction of such an isomorphism is to consider a 
Hamiltonian which is the Legendre transform of a Lagrangian on TM, and to construct an 
isomorphism between the Floer complex and the Morse complex of the classical Lagrangian 
action functional on the space of W^'"^ free or based loops on M. 

Introduction 

Let M be a compact orientable smooth manifold without boundary. Points in its cotangent bundle 
T*M will be denoted by with g e M and p £ T*M. The manifold T*M has a canonical 

1-form, the Liouville form 9 = pdq, whose differential is the standard symplectic form uj = dpAdq. 
A time-dependent and 1-periodic Hamiltonian function iJ : T x T*M — > M, T = R/Z, produces 
the time-dependent Hamiltonian vector field Xh on T*M, defined by u!{Xh, ■) = —dH, whose 
1-periodic orbits are the critical points of the Hamiltonian action functional 

A{x)= [ x*{0)- [ H{t,x{t))dt 
Jt Jo 

on the space of smooth loops on T*M . Wc shall denote the set of all 1-periodic orbits of Xh by 
V{H), and we shall assume that every 1-periodic orbit is non-degenerate (a condition which holds 
for a generic choice of H, in several reasonable senses). 

Let us assume that H behaves as a positive quadratic form in the p variables for \p\ large. 
More precisely, let us assume the following conditions: 

(HI) dH{t,q,p) p-^ — H(t,q,p) > ho\p\^ — hi, for some constants ho > and hi > 0; 

(H2) \WgH{t,q,p)\ < h2{l + IpP), \WpH{t,q,p)\ < /i2(l + \p\), for some constant /i2 > 0. 

These assumptions are stated in terms of some metric on M, but they are actually independent 
of the choice of the metric, in the sense that if the metric on M is changed then (HI) and (H2) 
will still hold, with different constants ho,hi,h2- Notice also that these conditions involve only 
the behavior of H for |p| large, and they impose no restriction on the behavior of H on compact 
subsets of T*M . Physical Hamiltonians of the form 

H(t, q,p) = i|r(t, q)p - Ait, q)\^ + q), 
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where the symmetric tensor T*T is everywhere positive, satisfy (HI) and (H2). Let us endow 
T*M with a time-dependent 1-periodic w-compatible almost complex structure J, assumed to be 
close enough to the almost complex structure induced by some metric on M . 

Under these assumptions, the elements oiV{H) generate a chain complex of Abelian groups, the 
Floer complex {CF^{H), d^{H, J)}. Indeed, (HI) and (H2) easily imply that the set of a; e 'P(-fr) 
with A{x) < a is finite for every real a, and we will prove that the set of solutions w : ffi. x T ^ T*M 
of the Floer equation 



with action bound |^(u(s, •))! < a for every s G K, is bounded in L°° . The latter statement 
improves the estimates proved by Cieliebak ^ under more restrictive - and not metric inde- 
pendent - assumptions on the Hamiltonian. Essentially, the reason why we get better estimates is 
that we deal directly with the Cauchy-Riemann operator, instead than differentiating and using 
the maximum principle for the Laplace operator. 

Then the methods of standard Floer theory for compact symplectic manifolds can be applied. 
Actually, the situation is somehow simpler than the general compact case, because the presence of 
the Lagrangian foliation given by the fibers of T*M implies that the Conley-Zehnder index ficz{x) 
of every x € P{H) is a well-defined integer, and because the exactness of ui excludes the possible 
lack of compactness of solutions of coming from the phenomenon of bubbling of J-holomorphic 
spheres. Therefore, the equation can be successfully seen as the negative gradient equation for 
the action functional A, and the analogue of Morse theory for such a functional can be developed: 
if CFk{H) denotes the free Abelian group generated by the elements of 7^(i?) of Conley-Zehnder 
index fc, one constructs a boundary operator 



by counting the number of solutions of 1^ which connect elements of V{H) with Conley-Zehnder 
index k to those with index k—1. The isomorphism class of the chain complex {CF^.{H), d^,{H, J)} 
- called the Floer complex of {T*M, H, J) - does not depend on the choice of the almost complex 
structure J. The homology of the Floer complex does not depend on the Hamiltonian H, as long 
as H satisfies (HI) and (H2) (see |201 for other possible choices, such as the case of compactly 
supported Hamiltonians) . Thus it makes sense to talk about the Floer homology of T*M, which 
we denote by HF^{T*M). 

Unlike the compact case where the homology of the Floer complex is just the singular homology 
of the underlying symplectic manifold, the homology of the Floer homology of T*M can be fairly 
complicated. Indeed, Viterbo (33) has shown that it is isomorphic to the singular homology of 
A(A/), the free loop space of M. His proof makes use of generating functions and of Traynor's 
homology for generating functions ^32^. A complete proof is contained in [^. See also ^H]? and 
|19| . Actually, in Viterbo's work cohomology is considered, and the use of L°° estimates for wide 
classes of Hamiltonians is avoided, by considering the Floer cohomology of the compact symplectic 
manifold with convex contact-type boundary {{q,p) G T*M \ \p\ < r}, and then taking a limit of 
the Floer groups for r — > -|-oo. 

Another beautiful approach to the question of the isomorphism between the Floer homology 
of T*M and the singular homology of A(Af), has been recently proposed by Salamon and Weber 
|28|. Their idea consists in considering a Hamiltonian of the form 



and almost complex structures which in the horizontal-vertical splitting of TT*M given by some 
metric have the form 



Writing u — {q,p), and making the change of variable s i-^ s/e, the Floer equation becomes 



dsu - J{t, u){dtu - Xnit, u)) = V(s, i) e R x T, 



(1) 



dk{H, J):CFu{H)^CFk-i{H) 



H{t,q,p)^-\p\^ + V{t,q), 





(2) 
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As e tends to one obtains, at least formally, that p ~ dtq and q solves the heat equation 

d,q - Vtdtq - Vy(t, q) = 0, (3) 

where s plays the role of time, and t of space. This is a better equation than the Floer equation, 
because the corresponding Cauchy problem is well-posed in suitable spaces, and one can derive the 
equivalent of Morse theory for its flow, obtaining a chain complex whose homology can be proved 
to be isomorphic to the singular homology of A(M). A rigorous formulation of the asymptotics for 
e going to then shows that for any a G M there is some small e for which the Floer subcomplex 
given by solutions of action not exceeding a is isomorphic to the corresponding subcomplex of 
the heat flow equation, just because there is a one-to-one correspondence between the relevant 
solutions of the corresponding PDE's. A limit for a +oo then allows to conclude. 

The aim of this paper is to present a third construction of the isomorphism between the Floer 
homology of T*M and the singular homology of A{M). Taking advantage of the freedom in the 
choice of the Hamiltonian, provided that it satisfies (HI) and (H2), we choose H to be the Legendre 
transform of a Lagrangian function L : T x TM M. which is assumed to be strongly convex on 
the fibers TqM: 

(LI) \7yyL{t,q,v) > IqI, for some constant £o > 0, 

and to have bounds on the second derivatives, analogous to (H2): 

(L2) \VggL{t,q,v)\ <£i{l + \v\^), \VgyL{t,q,v)\ <^i(l-f |i;|), and |V™L(i,g,w)| < 4, for some 
constant £i > 0. 

The Hamiltonian function takes the form 

H{t,q,p)^ max {p[v]- L{t,q,v)), 

and for each {t,q,p) the above maximum is achieved at a unique point v{t,q,p). The Legendre 
transform {t, q,p) ^ (t, q, v{t, q,p)) establishes a one-to-one correspondence {q,p) i-^ {q, q) between 
the solutions of the first order Hamiltonian system on T*AI given by H, and the solutions of the 
second order Lagrangian system on M given by L, which can be written in local coordinates as 

qit), qit)) - dgL{t, q{t),qit))- 

In the latter formulation, the set of 1-periodic solutions - denoted by 7^(i) - is the set of critical 
points of the Lagrangian action functional 

£{q)= [ L{t,q{t),q{t))dt 
Jo 

on the space of smooth loops on AI. Developing Morse theory for £ is considerably simpler than 
developing it for A. Indeed, £ is smooth on the Hilbert manifold A^(M), the space of loops on 
M of Sobolev class W^'"^, satisfies the Palais-Smale condition (as proved by Benci |3]), and is 
bounded below. Moreover, classical results by Duistermaat |H] show that the Morse index 'm{q) 
of every q G 'P{L) coincides with the Conley-Zehnder index ficz{x) of the corresponding solution 
X € ViyH) (which is therefore always non-negative in the case of Hamiltonians which are strictly 
convex in the p variables). The finiteness of the indices, the Palais-Smale condition, and the lower 
bound on £ make it possible to apply infinite dimensional Morse theory as developed by Palais 
|21|. Actually, it is convenient to use also here the Morse complex approach: if we denote by 
CMk{£) the free Abelian group generated by the critical points of £ of Morse index k, we obtain 
a boundary homomorphism 

dk{£,g) ■.CMk{£)^CMk-i{£), 
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by introducing a Morse-Smale Riemannian metric g on A^(M) and by counting the solutions of 
the corresponding negative gradient equation 

i = -Vf (7), (4) 

connecting the critical points of Morse index k to those of index fc — 1. The fact that this 
homomorphism is a boundary operator, and the fact that the homology of the chain complex 
{CM,(f ), ^^(f, g)} - called the Morse complex of {£,g) - is isomorphic to the singular homology 
of A^(Af), just comes from the fact that {CAf*(£), 9, (£, g)} turns out to be the chain complex 
associated to a suitable cellular filtration of A^(A/) (see ^ for a complete exposition). Notice 
also that the inclusion A^(M) ^ A(M) is a homotopy equivalence, hence the two spaces have 
isomorphic singular homology. 

The isomorphism between the Floer homology of T*M and the singular homology of A(M) is 
then an immediate consequence of the following stronger result, which is the main theorem of this 
paper (see Theorem 13.11 for a more complete and precise statement): 

Theorem. There exists a chain- complex isomorphism 

e : {CM,{E),d,{E,g)} {C F,{H) , d,{H , J)}. 

Let us sketch the idea of the proof. We already know that there is a one-to-one correspondence 
between the generators of CMk{£) and those of CFi^{H). However this correspondence need 
not produce a chain homomorphism. In order to produce such a chain homomorphism, we shall 
consider the set of solutions 7(5), s €] — cxd,0], which flow off some q G 'P{L) by the negative 
gradient flow equation and for s = can be lifted to a loop in T*AI which is the trace at s = 
of a solution u{s, t), (s, t) e [0, +oo[xT of the Floer equation converging to some x G ^{H) 
for s — + +00. In other words, for q E V{L) and x £ V{H), we shall consider the set 

M+{q, x)^{u: [0, +00] X T ^ T*M \ u solves ©, u(-foo, •) = x, and r*w(0, •) G W{q)}. 

Here r* : T*M M denotes the standard projection, and W'"-(q) C A^(Af) is the unstable 
manifold of g, that is the set of w G A^(M) such that the solution 7(5) of Q with 7(0) — w 
converges to q for s —^ —00. The above problem is a Fredholm one, because the unstable manifold 
of q is finite dimensional, and because we are imposing Lagrangian boundary conditions and 
non-degenerate asymptotic conditions on the Cauchy-Riemann type equation on [0, -|-oo[xT. 
Indeed, we shall prove that for a generic choice of J, Ai^{q, x) is a smooth manifold of dimension 
m{q) — pLcz(x). In particular when m(q) = ^cz{x) — k, A4^{q,x) is a discrete set, and we shall 
define the homomorphism 

Qk ■■ CMk{£) ^ CFk{H), 

by counting the elements of such sets. A crucial ingredient is of course the compactness of 
A4'^{q,x), which will be a consequence of the following simple but important action estimate: 
if x{t) = {q{t),p{t)) is a loop on T*M, then 

A{x) < £{q), (5) 

the equality holding if and only if p is related to q by the Legendre transform. In particular, 
A{x) ~ £{q) holds for x and q corresponding to the same solution. The above estimate guarantees 
that if M G M.'^{q, x) then A{u{s, •)) < £{q) for every s > 0, the starting point to get compactness. 

A standard gluing argument shows that is a chain homomorphism. The fact that O is an 
isomorphism is again a consequence of ((SJ, together with its differential version 

d^A{x)[(:,C]<S£{q)[DT*{x)C,DT*{x)(:] VCGC°°(x*(rT*A'/)), (6) 

for every x G V{H) and q G V{L) corresponding to the same periodic solution. Indeed, 10 implies 
that A^+(g,x) = if £{q) < A{x), unless q and x correspond to the same periodic solution, in 
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which case Ai'^{q,x) consists just of the stationary solution u{s,t) = x(t). Such a solution is a 
regular one (in the sense of transversality theory) because of ©. We conclude that, if we order 
the generators of CMk{S) and CFk{H) by increasing action, the homomorphism Qk is given by 
a square matrix which is lower triangular and has ±1 on each diagonal entry. Hence Q is an 
isomorphism. 

Notice that we cannot construct an isomorphism CF^{H) CIvh{8) using moduli spaces of 
solutions analogue to Ai^{q, x). Indeed, we would not obtain a Fredholm problem, and we would 
not dispose of action estimates guaranteeing the compactness property. 

In the proof sketched above, we are coupling Floer theory for A with Morse theory for £ on 
A^(M). We should however stress the fact that it is not essential that on the Morse side we have 
a W^'"^ negative gradient flow: another Morse-Smale flow, having f as a Lyapunov function would 
sufhce. The W^^'^ option is the obvious one, and it makes particularly easy the step from the 
Morse complex to the singular homology of the loop space, but one could try other possibilities. 
For instance, one may couple Floer theory with the heat flow equation (jSjl, avoiding all the analysis 
on the behavior of the solutions of the Floer equation |(21) as e tends to 0. 

A similar construction works for the fixed ends case: given go, 9i G M, we look at solutions q 
of the Lagrangian system such that g(0) = go, g(l) = li- On the Hamiltonian side, this means 
that we are looking at solutions x such that a;(0) G T*^M and a;(l) € T*^M. The Floer equation 
is the same as (^, but this time u is defined on the strip M x [0,1], with boundary conditions 
m(s, 0) S T*^M, u{s, 1) € T*_^M, for every s G M. Again, one finds a Floer complex and a Morse 
complex, the latter one being associated to the Lagrangian action functional £ on fi^ (M, qo,qi), the 
Hilbert manifold of W^''^ curves [0, 1] ^ M connecting go to gi. Such a manifold is homotopically 
equivalent to n{A{), the based loop space of M, hence we obtain that the Floer homology of the 
fixed ends problem is isomorphic to the singular homology of ^1{M). 

We wish to emphasize the fact that the assumption that the manifold AI should be orientable 
is made only to have some technical simplifications - mainly in the choice of suitable preferred 
symplectic trivializations of the tangent bundle of T*M along the solutions of the Hamiltonian 
system - but it could be easily dropped. 

In a forthcoming paper we will prove that the isomorphism defined here from the Floor homol- 
ogy of T*M - in the periodic cases - to the singular homology of the free loop space of M is actually 
a ring isomorphism: it relates the pair-of-pants product in Floer homology to the Chas-SuUivan 
loop product on the singular homology of A(M). In the fixed ends problem, this isomorphism 
relates the Y product (the analogue of the pair-of-pants product with strips) in Floer homology 
to the classical Pontrjagin product on the singular homology of f7(M). Related results are proven 
by Ralph Cohen [5] and Antonio Ramirez |23| . 
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1 The Floer complex of the Hamiltonian action functional 

1.1 Hamiltonian dynamical systems on cotangent bundles 

Let M be a connected compact orientable smooth manifold of dimension n. Points in the cotangent 
bundle T*M wiU be denoted by with q€ M,p€ T*M, and t* : T*M ~* M will denote the 

standard projection. The cotangent bundle T*M carries the following canonical structures: the 
Liouville 1-form 6 and the Liouville vector field 77, which are defined by 

e{0 = p{Dt*{x)[(:]) = de{r^, vc e t,t*m, x = (q,p) g t*m, 

and the symplectic structure uj = dO. hi local coordinates (<?,p) of T*M we have 

Olocal = Pdq, ?7local = PtTj '^local = dp ^ dq. 

op 

The vertical space 

T;T*M = ker Dt* {x) = T*M, x = {q, p) G T*M, 

is a Lagrangian subspace of {TxT*M, lux)- 

A 1-periodic Hamiltonian H, i.e. a smooth function H : T x T*M — + M, T = R/Z, determines 
a 1-periodic vector field, the Hamiltonian vector field Xh defined by 

uj{XH{t,x),C) ^ -dH{t,x)[Cl yC€TxT*M. 

In local coordinates, the Hamiltonian equation 

iit)=XH{t,x{t)), (7) 

takes the classical physical form 

f ^ = dpH{t,q,p), 
\ p^ -dqH{t,q,p). 

The integral flow of the vector field Xh will be denoted by 0^. We will be interested in the set 
VAiH) of 1-periodic solutions of 0, and in the set VniH) of solutions a; : [0, 1] T*M of iQ) 
such that a;(0) G T*^M and x{l) G T*^M, for two fixed points-^ qo, qi G M. In each of these cases^ 
we shall make one of the following non-degeneracy assumptions: 

^In this latter case, it is not necessary to assume H to be 1-periodic in time and M to be compact. However we 
shall keep these assumptions in order to have a uniform presentation. 

^The symbols A and O will appear as subscripts of many objects we are going to introduce. We will omit such 
a subscript whenever we wish to consider both situations at the same time. 
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(HO)a every solution x £ Va{H) is non-degenerate, meaning that 1 is not an eigenvalue of 
D^]jix{0)) e GL(T,(o)T*M); 

(H0)o every solution x S Vq{H) is non-degenerate, meaning that the image of TJ^^i^^T*M by 
D(l)]j{x{{))) has intersection (0) with T^^^^T*M. 

The above conditions imply that the set {x{Q) \ x E V{H)} is discrete in T*M. 

Remark 1.1 Assumption (HO) holds for a generic choice of H , in several reasonable senses (see 
for instance ]2iA I5'5) ^). It is worth remarking that if H satisfies the additional condition 

dppH{x) £ GL{T^T*M) Vx £ T*M, 

then H+V satisfies (HO) for a residual set of potentials V £ C°°{Tx M). If moreover dppH > 0, 
then H satisfies (HO)n for a set of {qo, qi) £ AI x M having full measure. 

1.2 The Maslov index 

Let M^" — M" X M" be endowed with its standard Euclidean product, with its standard symplectic 
structure 

iO„ = dpA dq, {q,p) G M" x M", 
and with its standard complex structure 



Jo 



/ 

-/ 



so that a;o(Ci7C2) = •^oCi ' C2- We denote by Sp{2n) the group of symplectic automorphisms 
of (M^",a;o), by C{n) the space of Lagrangian subspaces of (R-^",a;o), and by Ao the vertical 
Lagrangian subspace Ao = (0) x M". 

We recall that the Conley-Zehnder index assigns an integer /Ltcz(7) to every path of symplectic 
automorphisms 7 belonging to the space 

{7 £ C"([0, l],Sp{2n)) I 7(0) = / and 1 is not an eigenvalue of 7(1)} . (8) 

See 1231, section 3. For future reference, we recall that the Conley-Zehnder indices of the paths 





71, 72 : [0, 1] ^ Sp{2), 71 (i) = ( ) , with a e R \ {0}, 72 (t) = e'''°, with e R \ 27rZ, 



are the integers 



+ 1- (9) 



Mcz(7i) = 0, /icz(72) = 2 „ 

A related notion is the relative Maslov index of a pair of Lagrangian paths, which assigns a half- 
integer /Lt(Ai,A2) to every pair of continuous paths Ai,A2 : [0,1] C{n). See For future 
reference, we recall that if n = 1 and j{t) = e*^''", with 9 £R \ ttZ, there holds 



/i(7Ao, Ao) = ^ + 



(10) 



Lemma 1.1 (i) Assume that M is orientable, and let x £ Va{H). Then the symplectic vector 
bundle x*(TT*M) admits a symplectic trivialization 

$ : T X R2" -> x*{TT*M) 

such that 

$(t)Ao T^(^t)T*M yt £ T. (11) 

(a) Let X £ Vn{H). Then the symplectic vector bundle x* (TT* M) admits a symplectic trivializa- 
tion 

$ : [0,1] X R2" ^ x*{TT*M) 

such that 

^{t)\o^T^(^^^T*M Vie [0,1]. (12) 
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Proof, (i) Since M is orientable, the vector bundle x* {T'"T*M) ^ (r*oa;)* (T* Af) is orientable, 
hence trivial. Let 

* : T X M" ^ x*{T''T*M) 

be a trivialization, and let J be a w-compatible complex structure on x*{TT*M) (meaning that 
uj{-, J-) is an inner product on x* (TT* M)). Then 

T,(t)T*M = J{t)T:^,)T*M ® T^^t)T*M, 

and the trivialization 

$ : T X M" ffi M" ^ x*{TT*M), = (- J(t)*(t) Jq) ® *(t), 

is symplectic (actually unitary) and maps Aq into the vertical subbundle. 

(ii) Starting from the fact that the vector bundle x* {T^T* M) is trivial because [0, 1] is con- 
tractible, the construction is identical to the one shown in (i). 

Let X € Va{H). We can use the symplectic trivialization $ provided by the above lemma to 
transform the differential of the Hamiltonian flow along x into a path in Sp{2n), 

7*(t) = $(i)-ii?0*,(x(O))$(O), 

which belongs to the space thanks to (HO)a- 

Similarly if a; € Vq {H) , the symplectic trivialization $ provided by the above lemma produces 
the path in C{n), 

A*(t) <Pitr'D^Hi<0))[T:^„^T*M] 

such that A$(0) — Aq and A$(l) n Aq = (0), thanks to (HO)fi. 

Denote by Sp{2n, Aq) the subgroup of the symplectic group consisting of those automorphisms 
which preserve the vertical Lagrangian subspace Aq: 

Sp{2n, Ao) {A e Sp{2n) \ AXo = Aq} - | ) | A^A^ = /, AIA2 = A^A^ 

It is easily seen that Sp{2n, Ao) is continuously retractable onto its closed subgroup 

Sp{2n, Ao) n U{n) = |(o 7?*)'^^ ^^''^ 

on which the determinant map det : U{n) S-^ takes the values ±1. It follows that Sp{2n,Xo) 
and Sp(2n, Aq) H U{n) have two connected components, and that the inclusions 

Sp{2n, Ao) ^ Sp{2n), Sp{2n, Aq) n U{n) ^ U{n), 

induce the zero homomorphism between fundamental groups. 

Lemma 1.2 (i) If x € Va{H), the Conley-Zehnder fJ-cz{l^) does not depend on the symplectic 
trivialization $ satisfying 1) j 

(ii) If X Cz VniH), the relative Maslov index /x(A$,Ao) does not depend on the symplectic 
trivialization $ satisfying ^l^) . 

Proof. Let x e V!y{II) and let be two symplectic trivializations satisfying (|ll|l . Then 

7*(i) =a(07*Wa(0)"\ 

for some 

a : S'p(2n,Ao). 

Since the inclusion Sp{2n, Aq) ^ Sp{2n) induces the zero homomorphism between fundamental 
groups, a(0)7$a(0)~^ and 7* are homotopic by a homotopy which fixes the end-points. The ho- 
motopy and the naturality property of the Conley-Zehnder index imply that /xcz(7<i>) = /icz(7*)- 
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Now let X e VniH) and let be two symplectic trivializations satisfying H12|) . Then 

for some a : [0, 1] Sp{2n, Aq), and by the naturality of the relative Maslov index, 

^(A$, Ao) = /i(aA$, aAo) = A^(A*, Ao). 

The above lemma allows us to give the following: 

Definition 1.1 The Maslov index of a periodic solution x e V\{H) is the integer fj.\{x) := 
tLcz{l<^), where ^ is a symplectic trivialization of x*{TT*M) satisfying 

The Maslov index of a solution x G Vn{H) is the integer iin{x) :— fi{X^, Aq) — n/2, where $ is a 
symplectic trivialization of x*{TT*M) satisfying 

Indeed, since A$(0)Ao = Aq and A$(l) n Aq = (0), the number /x(A$, Aq) — n/2 is an integer 
(see ED, Corollary 4.12). 

Remark 1.2 The sign of the symplectic form and the n/2- shift have been chosen in order for 
the above Maslov indices to coincide with the Morse indices of corresponding critical points of the 
Lagrangian action functional (see Theorem \2. 1\) . Notice that in the case of a contractible periodic 
orbit X e Va{H), if x : D T*M is an extension of x to the disc D, there are symplectic 
trivializations ofx*{TT*M) satisfying so ^j,a{x) coincides with the Conley-Zehnder index in 

standard Floer theory for contractible periodic orbits. 

Remark 1.3 It is actually possible to drop the assumption on the orientability of M also in the 
case of periodic solutions. In the non-orientable case indeed, one can still single out a special class 
of symplectic trivializations for which the Conley-Zehnder index coincides with the Morse index of 
the Lagrangian action functional (see ]tl5^). For sake of simplicity, in this paper we deal only with 
the orientable case. 



1.3 The L^-gradient of the Hamiltonian action functional 

Denote by k^{T*M) the space of all loops x : T ^ T*M of Sobolev class W^'"^ , and denote 
by n^{T*M,qo,qi) the space of all paths x : [0,1] T*M of Sobolev class W^^'^ such that 
x(0) € T*^AI and x{l) E T*_^M. These spaces have canonical Hilbert manifold structures. The 
action functional 

A{x) = Ah{x) J x*{e- Hdt) ^ {6{x) - H{t, x)) dt 

is smooth on A^(r*M) and on il^(T*Af, ^i)- The differential of A on both manifolds takes the 
form ^ ^ 

dA{x)[C\= ( {u}{C,x) - dH{t,x)[C]) dt= [ Lu{C,x- XH{t,x))dt, (13) 
Jo Jo 

so the critical points of ^|ai are the elements of Va{II), while the critical points of ^|sii are the 
elements of Vn{II). However, variational methods using the gradient flow of A with respect to 
some metric compatible with the W^'^ topology are not suitable for classifying the critical points 
of A, because the Morse index of every critical point is infinite, and because of lack of compactness 
(the Palais-Smale condition would not hold, but see for a possible approach in this direction). 
It was Floer's idea to overcome these difficulties by studying the L^-gradient equation for A. More 
precisely, let J be a smooth almost complex structure on T*M , 1-periodic in the time variable t, 
and compatible with uj, meaning that 

(Ci,C2)j. := w(Ci, J(i,a;)C2), Ci,C2 e T,T*M, xeT*M, 



9 



is a loop of Riemannian metrics on T*M . We can rewrite (|13f) as 

dA{x)[C] = f {(:,~J{t,x){x-XH{t,x))j^dt, 



and we will denote by WjA the gradient of A with respect to the inner product given by the 
periodic metric (•, namely 

VjAix)=-J{t,x){x~XHit,x)). 
We will be interested in the negative gradient equation, that is in the Cauchy-Riemann type PDE 

dsU~J{t,u){dtU-XH{t,u))=0, (14) 

where 

u G C°°(R X T, T*M) in the A case, 
u £ C°°(M X [0, 1],T*M), u{m X {0}) C T*^M, u{R x {1}) c T,* M, in the Q case. '''^^^ 

Given x~ ,x^ £ V{H), we will denote by M{x~ ,x^) ~ A^(.x^, H, J) the set of all solutions of 
(I14I15|I such that 

lim u{s,t) = x^(t) uniformly in t. 

As usual, we shall add the subscript A or when we wish to distinguish between the periodic and 
the fixed-ends problem. The elements of 7^(i?) are the stationary solutions of H14I15() . and A is 
strictly decreasing on all the other solutions. So A4{x, x) contains only the element x, and 

M{x-,x+)=9 if Aix-) < A{x+) and X- ^ x+. (16) 

Clearly, A4a{x~ ,x'^) ^ implies that the loops x^ and x~^ are homotopic, which is equivalent to 
saying that their projections onto Af, t*ox~ and t*ox~^, are homotopic. Similarly, A4q{x~ ,x~^) ^ 
implies that the paths x~ and x~^ are homotopic within the space of paths having end-points on 
T*^M and on T*^M , which is equivalent to saying that their projections onto M are homotopic 
with fixed end-points. 

We conclude this section by describing the standard functional setting which allows to see 
A^(x~, x"*") as the set of zeros of a smooth section of a Banach bundle. Let us fix a number r > 2, 
and recall that the maps on two-dimensional domains of Sobolev class W^'^ are Holder continuous. 
Fix two solutions x~, £ 1^(11), which are homotopic in the sense explained above. 

In the A case, we define Ba = Ba{x~ , x~^) as the set of all maps m : R x T ^ T*AI of Sobolev 
class Wjjj'^ such that there is sq > for which 



_ jexp^-(t)(C {s,t)) Vs<-so, 
^exp^+(t)(C+(s,<)) Vs > So, 



where and C+ a.reW^''' sections of the bundles 2:^*(TT*M) ^]-oo, -so[xT and x+*{TT*M) 
]so, +oo[xT, respectively. Here exp denotes the exponential map with respect to some metric on 
T*M, and the space of W^'^ sections is also defined in terms of this metric. Then Ba can be given 
the structure of a smooth Banach manifold, and the tangent space at u £ Ba is identified with 
the space of W'^^'' sections of u*{TT*M). 

Similarly, Bn — Ba{x~ , x'^) will be the Banach manifold of all maps u : Mx [0, 1] — > T*M which 
are of Sobolev class W^'^ on every compact subset of R x [0, 1], such that m(R x {0}) C T*^M, 
u{R X {1}) C T*^M, and such that there is sq > for which ^ holds, and (+ being W^''' 
sections ofx^*{TT*M) ->] - cx), -so[x [0, 1] and x+*{TT*M) ^]so, +oo[x [0, 1], respectively. 

Denote by Wa — WA(a;~, a;"*") (resp. Wn = yVn{x^,x^)) the Banach bundle over Ba (resp. 
Bq) whose fiber Wu at u is the space of sections of u*{TT*M). Then M{x^ ,x'^) is the set of 
zeros of the smooth section 

dj,H -B^W, u^dsu + VjA{u) = dsU - J(<, u){dtu - Xnit, u)). 
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Indeed, standard elliptic regularity results imply that the zeros of the above section are smooth 
maps. Moreover, the non-degeneracy assumption (HO) guarantees that u{s,t) — > x^{t) and 
dsu{s,t) — > for s ±00 exponentially fast, uniformly in t (see e.g. [311 \'27\ ). 

Denote by M the extended real line K U {—00, +00}, with the differentiable structure induced 
by the bijection [— 7r/2, 7r/2] — > R, s 1-^ tans for s e] — 7r/2,7r/2[, ±7r/2 1-^ ±00. A map u G 
Ma{x~ ,x~^) (resp. u e Mn{x^ , x^)) extends to a smooth map on M x T (resp. R x [0, 1]), which 
we shall also denote by u. 

Lemma 1.3 (i) Let u G M.k{x^ ,x'^), and let 

$± : T X R2" ^ x^*{TT*M) 

be two unitary trivializations such that $^(i)Ao — T^±^^^T* Ad for every i G T. Then there exists 
a smooth unitary trivialization 

$ : 1 X T X r2" ^ u*{TT*M) 

such that <E>(±oo,t) = ^^{t) for every t eT. 
(ii) Let u € A4q{x~ ,x'^), and let 

$± : [0, 1] X R2" ^ x^*{TT*M) 

he two unitary trivializations such that <f>*(t)Ao = T^±fj.-^T* M for every t G [0,1], and such that 
the isomorphisms 

are orientation preserving. Then there exists a smooth unitary trivialization 

i> : 1 X [0, 1] X M^" ^ u*{TT*M) 

such that $(s,t)Ao = T^^^^^T*M for every {s,t) G R X [0,1], and $(±00, t) = $±(t) for every 
tG[0,l]. 

Proof, (i) By the same construction used in the proof of Lemma 11.11 we can find a smooth 
unitary trivialization 

: 1 X T X r2" ^ u*{TT*M) 
such that *(s, t)Ao = T^(^ t)'^*^. Consider the loops in Sp{2n, Aq) n U{n) 

a^{t) := ^ {±00, ty^^^{t). 

Since the inclusion Sp{2n, Xq) D U{n) ^ U{n) induces the zero homomorphism between funda- 
mental groups, and since U{n) is connected, we can find a homotopy 

a : 1 X T ^ U{n) 

such that q;(±oo, t) — or^{t) for every < G T. Then the unitary trivialization 

$(s,i) 1'(s,t)a(s,i), (s,t)GlxT, 

has the required asymptotics. 

(ii) By the same construction used in the proof of Lemma 11.11 we can find a smooth unitary 
trivialization 

^' : R X [0, 1] X ^ u*{TT*M) 

such that \E'(s,t)Ao = ^-^T*M. Since the isomorphisms (^^{t)\\g are both orientation preserv- 
ing, the paths 

: [0,1] ^ Sp{2n,Xo) n U{n), a^{t) := ^(±00, i)"i$±(i). 
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take values into the same connected component of Sp{2n, Xq) D U{n). Therefore we can find a 
homotopy 

a : 1 X [0, 1] ^ Sp{2n, Xq) D U{n) 
such that a(±oo,i) = ci^{t) for every t G [0, 1]. Then the unitary triviahzation 

$(s,t) := «'(s,i)a(s,t), (s,i) G M x [0,1], 

maps Ao into the vertical subbundle, and has the required asymptotics. 

We denote by W\'^ the Sobolev space of M^"-valued maps v taking values in Aq on the boundary: 

1^^^;''(Rx]0,1[,R2") := Tyo''^(Mx]0,l[,R") x l^i^'"(Rx]0, 1[,R"). 

Let u G AAa{x^ ,x'^) (resp. u G A^o(a;^, and let <i> be a trivialization of the bundle 
u*{TT*M) as in the lemma above. Then $ defines a conjugacy between the fiberwise deriva- 
tive of the section Dj^h at u, 

Dfdj,H{u):TuB~^Wu, 

and a bounded operator 

Ds,K ■■ W^-^R X T,R2") ^ L'iR X T,r2") 
(resp. Ds,n : W^'^ {Rx]0,l[,R^'') ^ L'-(Mx]0, 1[, R^")) 

of the form 

Dsv — dsV — Jodtv — 5(s,t)w. 

Here S' is a smooth family of endomorphisms of R^" - 1-periodic in t in the A case - such that the 
limits 

S^{t)^ lim S{s,t) 

s— >±oo 

are symmetric. Moreover, the solution of 

|7^(i) = Jo5±(%±(i), 7^(0) = /, 

is easily seen to be 

7±(t) = $(±oo,<)-iD0*^(a;±(O))$(±oo,O). 

Finally, the requirements of Lemma ll.31 guarantee that $(±oo, •) are symplectic trivializations of 
x^* {TT* M) satisfying (|ll|l (resp. p2|l ). The following theorem is then an immediate consequence 
of Theorem 7.42 and Remarks 7.44, 7.46 in (together with the estimates of Lemma 2.4 in |27] 
to deal with the case r > 2, see also EU): 

Theorem 1.4 If x^ ^x^ G Va{H) and u G Mj\^{x^ ^x'^), the fiberwise derivative of dj,H at u is a 
Fredholm operator of index 

mdDfdj^niu) = MA(a;") - PaIx^). 

If x~,x~^ G VniH) and u G A^o(x~,x^), the fiberwise derivative of dju at u is a Fredholm 
operator of index 

inADfdjMiu) = mix^) - mi^^)- 
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1.4 Coherent orientations 

The aim of this section is to show how the manifolds M{x^ , x^) can be oriented in a way which is 
coherent with gluing. The construction is a particular case of the procedure described in [ID] for 
an arbitrary symplectic manifold. However, since the fact that we are dealing with the cotangent 
bundle of an oriented manifold allows some slight simplifications, we carry out the construction 
explicitly. 

If E and F are real Banach spaces, Fred(i?, F) will denote the space of Fredholm linear oper- 
ators from E to F, endowed with the operator norm topology. It is a Banach manifold, being an 
open subset of the Banach space of all linear continuous operators from E to F. The manifold 
Fred(£', F) is the base space of a smooth real line bundle, the determinant bundle Det(Fred(£', F)), 
with fibers 

Det(A) A'"''''(ker A) (g> (A'"^'^(coker A))*, VA G Fred(£;,F), 

where A'^'^^(V) denotes the exterior algebra of top degree of the real finite dimensional vector 
space V. See |23 for the construction of the smooth bundle structure'^ of Det(Fred(i?, F)). Two 
isomorphisms ^ : E = E' and '5 : F ^ F' induce a canonical smooth line bundle isomorphism 
Det(F,F) ^ Det(F',F') lifting the diffeomorphism Fred(F, F) Fred(F',F'), A ^ ^A^'^. If 
Fq C F is a closed finite codimensional linear subspace and A e Fred(F, F), the restriction A\eq 
belongs to Fred(Fo, F), and the exact sequence 

^ keiAlEo ^ ker^ ^ F/Fq 4 F/yl(Fo) = cokei A\eo F/yl(F) = coker A 
determines a canonical isomorphism (see Lemma 18 in TD ) 

Det(A) = Bet{A\Eo) ® A'""''(F/Fo). (18) 
Fix some r > 1 . Let Ea be the set of operators 

Ds,A ■■ W^^^'iR X T,m2") X T,]!^") 

of the form 

V t-^ dgV ~ Jodtv ~ S{s,t)v, (19) 

with S E C"(M X T,g[(2n)) such that S{±oo,t) are symmetric for every t gT, and the paths of 
symplectic matrices 7^ and •fg solving 

^7|W = ^o5(±oo,t)7|(i), 7|(0) = /, 

satisfy 

l^a(7|(l)). (20) 
Then Ds^a is a Fredholm operator of index 

indDs.A = Mcz(75 ) " f^czilt)- 
Similarly, En will denote the set of operators 

Ds.n ■■ M^^Y(Mx]0,1[,R2") ^ F''(Rx]0, 1[,M2")^ 

of the form ((T^ . where S e C°(M x [0, l],0[(2n)), S{±oo,t) symmetric, is such that the paths of 
symplectic matrices 7^ and 7^ satisfy 

^7|(l)AonAo = (0). (21) 

^Actually, in 1221 the dual of this object is considered. The convention we use here is more common in symplectic 
geometry. 
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They are Fredholm operators of index 

md Ds,n = nijg {■)Xq, Xq) - /i(7^(-)Ao, Aq). 

The paths of symmetric matrices £"(±00, •) satisfying (|20(l (resp. (|21(l ) will be called simply non- 
degenerate paths. As usual, we shall omit the subscript A or when we wish to consider both 
situations at the same time. 

The determinant bundle over Fred{W^'^ , L^) restricts to a line bundle over E, which is non- 
trivial on some connected components of S. Actually, the determinant bundle may be non-trivial 
on such simple sets as 

{A-^DsA I A G Sp{2n, Aq) n U{n)} , 

for a fixed Ds E S. Indeed, if n is even we can find a path a : [0, 1] Sp{2n, Ao) n U{n) such 
that q;(0) = / and a{l) — — /, and it is easy to show (see Theorem 2 of J^) that the restriction 
of the determinant bundle to the loop 

{a(X)-^Ds,Aa{X) | AG [0,1]} 

is trivial if and only if ind I?s,a is even. 

However, the determinant bundle becomes trivial when we fix the asymptotics: if 5"*" and 
S~ G C'^{T, Sym{2n)) (resp. C°([0, 1], S'ym(2n))) are non-degenerate paths, we can consider the 
subset of S, 

i:{S-,S+) := {Dse^l S{±oo,t) = S'±(t)} , 

consisting of those operators having fixed asymptotics. The set T,{S~ , S~^) is contractible (1101. 
Proposition 7), so the determinant bundle restricts to a trivial bundle on it, which we denote by 
Det(E(S'-,5+)). 

Two orientations o(S'i,S'2) and 0(5*2, 5*3) of Det(S(S'i, 52)) and Det(I](S'2, S'a)), respectively, 
induce in a canonical way an orientation 

o(S'i,S'2)# 0{S2,S3) 

of Det(E(S'i, 5*3)) (see ^Uli section 3). Such an orientation is associative, meaning that 

(o(5i, 52)# 0(^2, ^3))# 0(53, 54) = o{Si,S2)# (0(52, 53)# 0(^3, ^4)). 

A coherent orientation for E is a set of orientations o{S^,S^) of Det(E(S'^ , 5'+)) for each pair 
{S^ , 5*+) of non-degenerate paths, such that 

0(51,^3) -0(^1, ^2)# 0(^2,^3), (22) 

for each triplet (Si , S2, S3) of non-degenerate paths. The existence of coherent orientations for Ea 
is established in ^U], Theorem 12. The construction for Ejj is identical. 

Let us fix unitary triviahzations oix*{TT*M) satisfying <^x{t)Xo = T^(^^-^T*M, for each x G 
V{H). In the case we also require the isomorphisms ^x{t)\\o to be orientation preserving. Cor- 
respondingly, we obtain the non-degenerate path Sx G C°(T, Sym{2n)) (resp. C°([0, 1], Sym{2n))) 
such that 

7s^(t) = $,(t)-il?0^(x(O))$,(O). 

Let us fix also a coherent orientation for E. We shall see that these data determine an orientation 
of 

the determinant of the fiberwise derivative of the section 

d.j,H-B{x',x+)^W{x-,x+) (23) 
at every u G A^(x^,a;+), for every pair x~,a;+ G V{H). 
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Let £ T^iH) and let u € Ai{x~ , x~^). By Lemma [1.31 we can find a smooth unitary 

trivialization of u*(TT*M) agreeing witli $3.- and <i>2,+ for s — —00 and s — +00, respectively. 
In the n case we also require that $„(s,<)Ao = T]^{st)^*^'^ fo'' every (s,i) e M x [0,1]. Then 
Dfdj^H{u) is conjugated by to an operator Ds belonging to T,{S^- , Sx:+)- So we have a 
canonical isomorphism 

Bet{Dfdj,H{u))^Det{Ds), 

and Det(D fdj^niu)) inherits an orientation from 0(8^- , S^+). 

Changing the trivialization by another one with the same properties changes Ds by a 
unitary conjugacy ^-Ds*"!, where * G C°{W x T, U{n)) (resp. C°(l x [0, l],Sp{2n, Aq) n U{n))) 
is the identity for s = ±00, so Lemma 13 in [TJ]] implies that the orientation of Det(£'/9j,/f (u)) 
does not depend on the choice of $„. 

Such an orientation varies continuously with w, so if the section H23|l is transverse to the zero 
section, M(x^ x^) is a finite dimensional manifold and 

A'^^^{TuM{x-,x+)) = A'^''''{keTDfd.iH{u)) - Bet{DfdjMiu))(E)R 

is oriented, meaning that M{x^ , x^) is oriented. 

In particular when fJ-{x~) — iJ-{x^) — 1, M{x~ , x^) is an oriented one-dimensional manifold. 
Since translation of the s variable defines a free R action on it, Ai{x^ jX'^) consists of lines. 
Denoting by [u] the equivalence class of u in the zero-dimcnsional manifold A4{x^ , x^)/^, we 
define 

e(M)e{-i,+i} 

to be +1 if the R-action is orientation preserving on the connected component of M{x~ ,x'^) 
containing u, —1 in the opposite case. 

Remark 1.4 In our construction, the orientations of moduli spaces of solutions of the Floer equa- 
tion depend on the choice of suitable trivializations of x*{TT*M), for every x € V{H), and of 
a coherent orientation for S. This approach is possible because here we can find trivializations 
of u*{TT*M) with prescribed asymptotics, something which is not possible for an arbitrary sym- 
plectic manifold. So here we do not need to introduce the notion of a coherent orientation for 
the symplectic vector bundle TT* M T* M , as in ]10f . The use of a coherent orientation for 
TT*M T* M would allow to drop the orientability assumption on M . 



1.5 L°° estimates 

In order to have L°° bounds on the set of solutions of p 4115(1 with bounded action, further 
assumptions on the Hamiltonian H and on the almost complex structure J are needed. Let us 
fix a metric (•,•) on AI. We shall denote by the same symbol the induced metric on TM and 
on T*M, and by V the corresponding Levi-Civita covariant derivation. All the and Sobolev 
norms we will use refer to this metric. This metric determines an isometry TM — > T*M, and 
a direct summand of the vertical bundle T'"T*M, the horizontal bundle T^T*M, together with 
isomorphisms 

T^T*M = T^T*M e T^T*M ^ TqM T*M ^ T^M TqM, x = (g, p) e T*M. 

There is a preferred w-compatible almost complex structure J on T*M, which in the above splitting 
has the form 

\ -I 

The Liouville and the Hamiltonian vector field can be written as 

rj{q,p) = (0,p), Xnit, q,p) = JVH{t, q,p) = {VpH{t, q,p), ~VgH{t, q,p)), 

where and Vp denote the horizontal and the vertical components of the gradient. We shall 
make the following assumptions (recall that rj denotes the Liouville vector field on T*M): 
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(HI) there exist ho > and hi > such that 

dH{t,q,p)[rj]-H{t,q,p) > ho\p\^ - h^, 

for every {t, q,p) eTx T*M; 

(H2) there exists /12 > such that 

\V,Hit,q,p)\<h2il + \p\^), \VpHit,q,p)\<h2il + \p\), 

for every {t, q,p) eTx T*M. 

Condition (HI) is assumed also in and it is a condition of quadratic growth at infinity: 
thanks to the compactness of M, it easily implies the estimate 

H{t,q,p) > ho\p\^~h3, 

for a suitable constant /13. Condition (HI) does not depend on the choice of the metric on M: if 
(•, is another metric, by the compactness of AI |^| < c|^|*, so if H satisfies (HI) with respect to 
I • I with constants ho, hi, it also satisfies (HI) with respect to | • |* with constants h^/c^ and hi. 

We will show that also (H2) does not depend on the metric, by checking that H satisfies (H2) 
if and only if for any coordinate system (g^, . . . , (7") G M" on ?7 C M - inducing the coordinate 
system (g\ . . . , g",pi, . . . , p„) G R" x M"* on T*U C T*M - there is a > such that 

\d^.H(t,q,p)\<a{l + \p\^), \dj,^H(t,q,p)\<a{l + \p\), V* = l....,n. (24) 

Here | • | denotes any norm, for instance the Euclidean one, on M"*. It is readily seen that if H24|l 
holds for H and "0 is a change of coordinates on R", then (|24|l holds for Hit, ip{q),poD'ilj{q)^^) (with 
a different constant a), hence this local condition is independent of the choice of the coordinate 
system. 

Let K : TT*M T*M be the connection associated to the metric (•, •). Then the horizontal 
and vertical components of the gradient of H are 

VqH = Dt*\7H, VpH = KVH. (25) 

In the coordinate system (5^, . . . ,q" ,pi, . . .pn) the connection K has the form 

K{^,(:)=C-Bt (C,C)eR"xM"*, (26) 

where B = B{q,p) E Hom(IR",R"*) is symmetric and depends linearly on p. If the symmetric 
operator G{q) E Hom(R",R"*) represents the metric on M in the local coordinates (g^, . . . , g"), 
the induced metric on T*M has the local expression 

((a,Ci), (6,C2)) = (Gei)6 + (Ci - sa)(G-'(C2 - i?6)), 

which can be rewritten in matrix form as 

G + BG-'B -BG-^ \ 
G - I I . (27) 



The inverse of this matrix is 

^ ^ ^ ^ BG-^ G + BG-^B 
Since the local expression of the gradient of H is \7H = G^^dH, by (jSHl, 
VqH ^G-^dqH + G-^BdpH, / dgH = GV^H - BG-^VpH, 



\7r,H = GdpH, \ dpH ^ G-^\7pH. 
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Since M is compact and B depends linearly on p, the above formulas show the equivalence of (H2) 
and if^ . 

Condition (H2) is weaker than the corresponding growth condition appearing in ^4^. Physical 
Hamiltonians of the form 

H{t, q,p) - q)p - A{t, + V{t, q) 

satisfy (HI) and (H2), provided that the symmetric tensor T*T is everywhere positive. Condition 
(H2) implies the estimate 

\XH{t,q,p)\ = \VH{t,q,p)\ < hiil + H^), (29) 

for a suitable constant h^. Here is a first important consequence of assumptions (HI) and (H2): 

Lemma 1.5 Assume that H satisfies (HO), (HI), and (H2). Then for every a e K, the set of 
solutions X € 'P{H) such that A{x) < a is finite. 

Proof. Let x {q,p) G ViH) be such that A{x) < a. Then by (HI), 

a>A{x)^ [ {e{x)~ H{t,x)) dt^ ( {d0{7],XH{t,x)) - H{t,x)) dt 
Jo Jq 

= f {dH{t,q,pM-H{t,q,p)) dt>ho\\p\\l2-hi, 
Jo 

so V{H) n{A< a} is bounded in i^. By we also have 

\x\^\XH{t,x)\<hi{l + \pf), 

from which we conclude that 7^(i?) fl {A < a} is bounded in W^'^, hence in L°°. In particular, 
the set {x{0) \ x e ViH), A{x) < a} is pre-compact in T*M, and being discrete by (HO), it must 
be finite. 

We shall prove that if H satisfies (HI), (H2), and J is close to J, then the solutions of 114I15|I 
with bounded action are uniformly bounded in L°°. We shall need the following interpolation 
inequality: 

Lemma 1.6 There exists C > such that 

ll¥'lli4(Rx]04[) ^ ^ll'(^lli2(ax]0,l[)ll'<'llH'i.2(Kx]0,l[) 

for every ip € W^'^{Rx]0, 1[). 

Proof. This is an easy consequence of the interpolation inequality 

||^|li4(M.) < Co||^|li.(R.)||V^||i.(R.) e W'^'{R'), (30) 

proved in [T^, section 1.4.7. Indeed, if (/3 e VK^'^(Mx]G, 1[), by reflection along the lines M x {0}, 
and R x {1} we obtain a function ip £ W^'^{Rx] — 1, 2[) such that 

II<^IIl2(Rx]-1,2[) = 3||(y5|||2(Rx]04[)' ll^'^lli2(Rx]-l,2[) = ^ 1 1 V(p | ] ^2 (R x ] 0,1 [) " 

Let X e C°°(M) be a function such that x = 1 on [0, 1], suppx C] - 1, 2[, < x < 1, and |x'| < 2. 
Then the fmiction iis,t) = x{t)(p{s,t) belongs to W^^^iR"^), so ^ leads to 

\MU(Rx]oM) - IIV^Ili^CR^) ^ C'o||V'lli2(R2)||V^/;||i2(R2), 
and the conclusion follows from the inequalities 

IIV'IIl2(r2) < |1'^||l2(rx]-i,2[) = ^||vIIl2(rx]o,i[)' 
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and 



||VV'|1l2(r2) = ||xV(^ + x''^|1l2(rx]-1,2[) < ||V(^||l2(Rx]-1,2[) + 2||(^||l2(rx]-1,2[) 

L2(Rx]0,l[) + 2V3||v3||i2(Rx]0,l[)- 

The main step to prove the L°° estimates is provided by the foUowing: 

Lemma 1.7 Assume that H satisfies (HI), (H2), and that the t-dependent 1-periodic almost com- 
plex structure J on T*M satisfies ||J^||oo < +00. For every pair of real numbers ai,a2 there 
exists a number c such that for every u ~ {q,p) G C°°(M x [0, l],T*Af) (resp. u = € 
C°°(]0, +oo[x[0, 1],T*M) n VFi'''(]0, l[x]0, 1[, T*M), with r > 2) solving 

dsU~J{t,u){dtU-XH{t,u))=0, (31) 

and such that ai < A{u{s, •)) < 02 for every s e R (resp. s G [0, +oo[), there holds 

IIpIIl2(/x]o4[) - 

c|/|^ llVpll L2(/x]0,l[) S 
for every interval / C M (resp. I C [0, +oo[). 

Proof. We shaU denote by U the set of solutions u e C°°(IR x [0, l],T*Af) (respectively 
u € C°°(]0,+oo[x[0, l],r*M) n VFi>''(]0,l[x]0,l[,T*A/)) of jnH) such that ai < A{u{s,-)) < ai 
for every s e M (resp. s G [0, +oo[). Notice that in the case of u defined on the half-strip, our 
assumptions imply that w(0, •) G Vl^^^^/'''''(]0, 1[,T*M) (see [21 section 7.56), from which it easily 
follows that the function s ^ A(u(s, •)) is continuous on [0, +oo[. 

Claim 1. There exists c\ such that for every u ^ U, 

\\dsu\\L2 (Rx]o,i[) < ci (resp. ||9su||l2(]o,+oo[x]o,i[) < ci). 
Indeed, for sq < Si, 

Mi2(],„,,^[x]o,i[) = r f'\dsu\'dtds<\\J-'\\l r l\dsu\\dtds 

J So Jo J So JO 

^\\-J\\lo r f\~^jA{u{s,-)){t),dMs,t))j.dtds^~\\J\\l r dA{u{s,-))[dsu{s,-)]ds 

J So Jo J Sq 

= \\J\\UA{u{so, •)) - ^("(."^i, •))) < \\J\\lia2 - a,). 

Claim 2. There exists C2 such that ||p(s, Oll-L^do,!!) < C2(l + ||9s'«(s, OIU^Co.io) for every 
u — {q,p) £U and every s G R (resp. s G [0, +oo[). 

Indeed, since u solves (I31|l . 

eidtu) = e{XH{t, u) - J{t, u)dsu) = Lu{Tj{u),XH{t, u) ~ J{t, u)dsu) 

= dH{t,u)[ri{u)] — (J{u)r]{u), J{t,u)dsu). 

Then by (HI) and by the fact that \ri{q,p)\ = \p\, 

e{dtu) - H{t,u) > ho\pf -hi- II JlloobI \dsul 

and integrating over [0, 1] we find 

a2>A{u{s,-))= I {6{dtu{s,t))- H{t,u{s,t)))dt 
Jo 

> hoMs, •)lli2(]o,i[) - hi - II J||oo|b(s, •)||l2(]o,i[)||5su(s, •)IU2(]o,i[), 
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which imphes Claim 2. 

Claim 3. There exists C3 such that |1p(s, •)||loo(]04[) < 03(1 + |l<9su(s, •)|||2(]o i[)) for every 
u = {q,p) ^lA and every s € R (resp. s G [0, +oo[). 

Indeed, by 

l|5tp(s,-)||Li(]0,l[) < l|5tw(s,-)llLi(]0,l[) < I1^//(-,'"(s,-))IIl1(]0,1[) + \\J{-:U)dsU{s,-)\\LiQQ^^) 

< hi{l + ||p(s, OIli^coaD) + ll-'"lloo||9^w(s, OIUiQciD' 

which can be estimated by Claim 2 by 

< hi{l + cl{l + \\dsu{s, OIU^CoaD)') + \\J\\oo\\dsu{s, ■)\\m]o,i[)- 

Therefore, the W^'^ norm of p(s, •) on ]0, 1[ is bounded by a quadratic function of \\dsu{s, 
Then the same is true a fortiori for the norm of p(s, •). 

Claim 4. For every 5 > there is a number •m{5) with the following property: for every 
u = {q,p) the closed subset of R (resp. of [0, +oo[), 

Ss{u) := {s I ||p(s,-)I|l~(]o,i[) < m{5)) 
has non-empty intersection with any closed interval / C R (resp. / C [0, +00 [) of length 5. 
Indeed, for every sq G M (resp. sq G [0, +oo[), 

1 r^°+^ 1 1 

because of Claim 1. Then Claim 3 implies Claim 4 with 

m(<5) = C3 (^1 + I 

Claim 5. There exists C4 such that ||p(s, •)|li2(]o,i[) < C4 for every u = ((7,p) G U and every 
s e R (resp. s £ [0, -|-oo[). 

Given u — {q,p) € U and s G M (resp. s G [0, +oo[), let sq be an clement of Si{u) such that 
|s - Sol < 1 (see Claim 4). Then 



lb(sr)lli2(]oa[) = lb(so,-)lli2(]oa[) + y ^IbC^^'OII 



'so 

= lb(sor)lli2(]o,i[) +2 / / {p{a,t),dsp{a,t))dtda 

J So JQ 



< m(l)2 + 2 



I|5sP||l2(] 



lb(c^>-)llL2(]o,l[) '^'^ 

By Claim 1, \\dsp\\L^]soAx]oM) ^ II<9s'"||l2(]5„^s[x]o,i[) < ci, and using also Claim 2 we get 

■ 2 
C2(l + ||5su(o-, OIU^ocii))^ da 

So 



Ib(^*r)lli2(]04[) <"i(l) +2ci 
< m(l)2 + 2ciC2 (2|,s - sol + 2|l<9,u||2 ^^j^^^^j^j^^^j^) ^ < m(l)2 + 2ciC2(2 + 2c?)i 
Conclusion. Let u ^ {q,p) e U and let / C R (resp. / C [0, +c»[) be an interval. By Claim 

5, 

lblli2(jx]o,i[) = ^ •)lli^(]o,iD - ^4!^!' 
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so it is enough to estimate the norm of Vp. By (|29|l , 

|vp|2 < |vu|2 = la.^/p + \dtu\^ = la.zip + - jdsu\^ < (i + 2|i + 2hl{i + 

which imphes 

|Vpp<6i(l + |9,u|2 + |p|4), 

for a suitable constant hi. Integrating this incquahty over Jsq, Si[x]0, 1[ and using Claim 1 we get 

\\^P\\l^]so.My-]o,i[) ^ ^id^i ~ ^ol + c?) + fei||p|ll4(],„,,^[x]o,i[)- (32) 

Let 5 he & positive number, to be fixed later, and let Ss{u) be the (5-dense subset of R (resp. of 
[0, +oo[) provided by Claim 4. Let Si G Ss(u), and set Sq = Si — 5 (resp. Sq = niaxjsi — i5, 0}). 
The real valued function (|p(s,<:)| — m{5))'^ vanishes for s — Si, so by reflection along the line 
{so} X R we obtain the function 

U\p{s,t)\-m{5))+ if [so,si], 

i) = < (|p(2so - s, t) - m{5))+ if s e [2so - si, sq] 

lo if seR\[2so-si,si], 



lbllL*Cso,si[x]0,l[) < 4C||(^||i2(Rx]o,i[)||<^||wi,2(Rx]04[) + 

= 4C||(/9||i2(Rx]o,i[) + 4C||¥j||i2(Rx]o,i[)||V(^||i2(Rx]o,i[) + 9m((5)''5. 
By and Claim 5, 

2 ^oll„ll2 o / ll.^/'nMlS J„^o„2i_ „_l^o„2! 



II¥'IIl2(r^]04[) < 2||p|li2(],^^,^[>,]o,i[) ^ 2 / ||p(s, OIIl^CciD ds < 2ci\si - so| < 204^. 

J So 

So and §^ imply 
Therefore, by j22), 

l|Vp||i2(],„^,,[,]o,i[) < + c? + 16Cc|52 _^ 9^(^)4^) + 166iCcl<5||Vp|!i2(],„,,,[,]o,i[). 
Hence, if we choose 6 to be l/{32biCcl), the above inequality implies 

\h(]so,silx]0,ll} 



(35) 



which belongs to Ty-^'^(Rx]0, 1[) and satisfies 

\Mh{Mx]os[) ^ 2||(b| - miS))^\\hQso.s,Mo,i[)^ (33) 
\\v\\LHMx]aA[) = 2|j(|p| - TO(,5))+||i4(]^„_^^[x]o,i[), (34) 
l|V^|li2(R><]o,i[) - 2||V(H - m(<5))+||i2(],„^,^[><]o,i[) 
<2||Vb||| 

i2(]so,Si[x]0,l[) - 2||Vp|||2Qsg_^j[x]0,l[)- 

Since (a + b)-^ < 8ia^ + 6*), by ^ we have 

|p|>™(>5) |p|<m(i5) 

H>m(5) 

< 8||(b| - ™(<5))+||i4(],„,,,[,]o,i[) + 9m(,5)4|si - sol < 4|l¥.||i4(R^]o.i[) + dmiS^d. 
The interpolation estimate of Lemma ll .61 then implies 

4 ^ ^^11 ,.l|2 II .,l|2 , n™^)r\4 



(36) 



l|Vp|li2(i,„,,,f„o,if) < 26i(<5 + c? + 16Cc|<52 + 9m{S)^6) 62 
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We have proved that the square of the norm of Vp on the set /x]0, 1[ is bounded by 62, if 
/ C R (resp. / C [0, +00 [) is an interval with the right-hand point in Ss{u) and length at most i5. 
By the properties of Ss(u), any interval in R (resp. in [0, +00 [) of length less than S can be covered 
by two intervals with the right-hand point in Ss{u) and length at most 6. Any bounded interval 
/ C R (resp. / C [0, +oo[) can be covered by [|/|/<5] -t- 1 intervals of length less than S, hence by 
2([|/|/i5] -I- 1) intervals with the right-hand point in Ss{u) and length at most 6. Therefore, 

concluding the proof. 

We recall that Ao denotes the Lagrangian subspace (0) x R" in the symplectic vector space 
R" X R", and that W^'J denotes the Sobolev space of R^"-valued maps taking values in Aq on the 
boundary: 

We recall the following consequences of the Calderon-Zygmund inequalities for the Cauchy-Riemann 
operator: 

Proposition 1.8 Let Q be one of the following domains: the cylinder R x T, the strip Rx]0, 1[, 
the half-cylinder ]0, +cxd[xT, the half-strip ]0, -|-cxd[x]0, 1[. For every r > 1 there exists a constant 
Cr(ri) > 1 such that 

||Vt;||L'-(o) < Cr{^)\\{ds - Jodt)v\\L-{n) 

for every v € ^^^^(^2, R^"). 

Indeed, one can start by proving the estimate 

\\Vip\\Lr <c{r)\\dip\\L'', y^eC^{RxT,C), Vre]l,+oo[, 

by the usual argument involving the fundamental solution of the Cauchy-Riemann operator 
d — ds -\- idt (see e.g. ^] or [T2], Appendix B). By Schwarz reflection, we obtain an analogous 
estimate for ip g C°°{[0, -|-cx3[xT, C) with real boundary conditions, and for ip E C°°(M x [0, 1], C) 
with real boundary conditions. A second reflection yields to the analogous estimate for p G 
C°°{[0, -|-oo[x [0, 1], C) with real boundary conditions. Proposition 11.81 follows . by identifying M^" 
with C" and Jq with —i. 

It will be useful to view M as a submanifold of R^, for some large TV, by means of an isometric 
embedding M ^ R^, as given by Nash's theorem. Such an embedding induces also isometric 
embeddings of TM and T*M into R^^, and it is easy to see that J is the restriction of Jq. 

Theorem 1.9 Assume that H satisfies (HI), (H2). Then there exists a number jo > such that, 
if the t-dependent 1-periodic almost complex structure J on T* M satisfies \\J — J\\oo < jo, then 
for every ai, 02 G R there holds: 

1. the set of solutions u = {q,p) G C°°(M x T, T*M) of 

dsu- J{t,u){dtu- XH{t,u)) ^0, (37) 
such that ai < A{u{s, •)) < 02 for any s G R, is bounded in L°°(R x T,T*M); 

2. the set of solutions u = {q,p) G C°°(R x [0, l],T*M) of such that 17(5,0) = qo, q{s,l) = 
qi, and ai < A{u{s, •)) < 02 for any s G R is bounded in L°°{R x [0, l],T*M). 

Furthermore, ifr> 2 there exists ji — ji{r) such thatif\\J~J\\oo < ji then for every ai,a2,a^ gR 
there holds: 



L2(/x]0,l[) 



< 26, 
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3. the set of solutions 

u= iq,p) e C°°(]0,+oo[xT,r*Af)nM/i^''(]0,l[xT,T*M) 
of such that ai < A{u{s, •)) < 02 /or any s G [0, +oo[, and 

is bounded m i°°([0, +cx)[xT, T*M); 
4- the set of solutions 

u = e c°°(]o, +oo[x [0, 1], r*Af) n M/i^''(]o, i[x]o, i[, t*m) 

of {81^ such that q{s, 0) — qo, q(s, 1) — qi, ai < A{u{s, •)) < 02 /or any s E [0, +oo[, and 

119(0, •)llvKi-i/-.r(]o,i[,R«) < as 
is bounded m L°°([0, +oo[x [0, l],T*M). 
Proof. Using the above mentioned embedding, equation H37|) can be written as 

{ds - Jodt)u ={J- Jo)dtu - JXnit, u). (38) 

Let X e C°°(M) be a function such that x = 1 on [0, 1], suppx c] - 1, 2[, < x < 1, and |x'| < 2. 

Proof of (i) and (ii). Let u — {q,p) be a sohition meeting the requirements of (i) or 
(ii). Let r > 2, fc e Z and let q{t) — tqi + (1 — t)qo in case (ii), q{t) = in case (i). Set 
v{s,t) = x(s - k){q{s,t) - q{t),p{s,t)), (s,<) G R x [0, 1]. By v satisfies 

{ds - Jodt)v = {J{t,u) - jQ)dfV + x'{q-q,p) -x(0, g') - xJ{t,u)XH{t,u), 

on either M x T - case (i) - or M x [0, 1] - case (ii) - in which case we also have v{s, 0) — v{s, 1) = 
for every s g M. Moreover v has compact support, so by Proposition II. 81 

||Vw||Lr(jix]0,l[) < Cr\\{ds - Jodt)v\\Lr(Mx]0,l[) < Cr\\J - JQ\\oc\\dtv\\L''{Mx]0,l[) 

1 1 yO\j J 

+4 • S~C'rd + 2||p||ir(]fc_ij,+2[x]0,l[) + Cr3~\\q'\\ca + 1 1 J| | oo 1 1 -'^H (' , u) 1 1 L-- l,fc+2[x ]04[) : 

where d = max{|z| \ z & M} and Cr = Cr{R x T) (resp. Cr = Cr(Mx]0, IQ). If || J- J||oo < +00, 
II J||oo is bounded, so Lemma 1 1 . 71 implies 

||p||L'-(]fe-l.fe+2[x]0,l[) < Sr\\p\\w^.^(]k-l,k+2[x]QA[) < <5'rC(3 + (1 + \/3)^) 2 < ASrC, (40) 

where Sr is the norm of the continuous embedding 

W^i'2(]o,3[x]0,l[)-^L'-(]0,3[x]0,l[). 

By (I29|) we also have 

l|-''^H(-,'")llL-(]fc-l,fe+2[xT) < ^4(3" + \\p\\l2rQk-l,k+2[y]0,l[)) ^^^^ 

< /i4(3" + Si^\\p\\^i.2Qk-i,k+2[x]o.i[)) < ^4(3" + leS'a^c^). 

If II J — Jolloo — \\J — J\\oo < ^/Cr, estimate together with (gU)) and ||1T|| . implies that Vu is 
uniformly bounded in i'"(IRx]0, 1[). Therefore, u is uniformly bounded in VF^'''(]fc, k + l[x]0, 1[), 
and since r > 2, also in L°°([fc, fc+ 1] x [0, 1]). Since fc € Z was arbitrary we have a uniform bound 
for u in L°°(R x [0,1]). Therefore, statement (i) (resp. (ii)) holds with 

jo = sup l/a(RxT) (resp. Jo = sup l/a(Mx]0, 1[) ). 

re]2, + oo[ r6]2,+oo[ 
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Proof of (iii) and (iv). The above argument for A: > 1 yields to a uniform bound for u in 

+oo[x [0, 1]). There remains to find a uniform bound for u in L°°{[0, 1] x [0, 1]). 
By the theory of Sobolev traces (see section 7.56), there exists a number br such that every 

/ G H/i^i/''^''({0}x]0, 1[) has an extension / e W^'^'QO, +oo[x]0, 1[) such that 

\\f\\w^-''{]0,+oo[x]0,l[) < ^r||/||vKi-i/r,r({o}x]0,l[)- 

Therefore, there exists a map q € W^''^{]0, +oo[x]0, 1[,R^) such that q{0, t) ~ g(0, t) and 

M\\w^:^{]Q, + oo['K]aA[) < ^r||<7(0, Ollwi-i/^.-QciO < ^rOs- 

In the case (iii) we can assume q to be 1-periodic in while in the case (iv) we can assume that 
q(s,0) = go, g(s, 1) = qi, for every s G [0,1]. The map w{s,t) = x(s)(g(s, i) - q{s,t),p{s,t)) 
satisfies 

{ds - Jodt)w = {J{t,u) - Jo)dtW + x'{q - q,p) - x{dsq,dtq) - xJ{t,u)XH{t,u), 

Since 

||x(9sg, 9tq)|lL'-(]o,+oo[x]o4[) - Il9llivi.'-(]o,+oo[x]o,i[) < 26^03, 
the same argument used above - involving Proposition ll .8l and the W^''^ estimate of p on ]0, 2[x]0, 1[ 
provided by Lemma ll.71 - allows to conclude. 

Once L°° estimates are established, compactness in C^^^ follows by standard arguments. Here 
we are interested in the following statement: 

Theorem 1.10 Assume that H satisfies (HI), (H2), and that J satisfies ||J— J||oo < ja- Then for 
every x~ ,x~^ G VAiH) (resp. x~ G Vn{H)), the space J\4a{x~ ,x^) (respectively Mn{x^ tX'^)) 
is pre-compact in C^^^iR x T,T*M) (respectively in C^^iR x [0, l],T*M)j. 

Indeed, solutions of (|14|l on R x T with bounded action have uniform gradient bounds, because 
otherwise a bubbling-off argument would produce a J-holomorphic sphere in T*M, which cannot 
exist because uj is exact. Solutions of H14() on R x [0, 1] taking values in T*^M for t — and in 
T*^M for t = 1, and having bounded action also have uniform gradient bounds: in this case the 
bubbling-off argument could also produce a J-holomorphic disc with boundary in either T*^M or 
T*^M, which cannot exist because the Liouville form 9 vanishes on the vertical subspaces. 

Then elliptic bootstrap produces bounds on the derivatives of every order. See for instance 
or for more details. 

Remark 1.5 Notice that all the results of this section hold also by replacing (H2) with the weaker 
condition \2fJ\) . which could therefore replace (H2) in the whole paper. However, condition \2S\) is 
somehow unsatisfactory because it depends on the choice of the metric on M . 

Remark 1.6 Besides the conditions on H, the L°° estimates for the Floer equation require that 
J belongs to a suitable neighborhood of the set of almost complex structures on T*M produced by 
metrics on M . It would be interesting to have a better description of a set of lo- compatible almost 
complex structures for which the L°° estimates hold. 



1.6 Trans versality 

Let J' = J {{■,■)) be the set of all t-dependent 1-periodic smooth w-compatible almost complex 
structures on T*M such that || J — J||oo < +00. The distance 

dist (Ji, J2) = 11^1 - J-iWoc + distc~ (Ji, J2) 
makes J a complete metric space. Here distc^ is the usual distance 

■h — J2\\c<^{K^) 



(Ji, J2) -EE2^^''^' \ ! I 7 II ' where Kr = {{t,q,p) G T x TM \ \p\ < r} , 



distcj_ 

r=l 1=0 
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inducing the topology. We denote by jTiog = JrcgiH) the subset of J consisting of those 
almost complex structures J for which the section 

dj^H ■■ B{x-,x+) Wix-,x+) 

is transverse to the zero-section, for every x~ ,x~^ € 'P{H). We recall that a subset of a topological 
space is called residual if it contains a countable intersection of open and dense sets. Baire theorem 
states that a residual subset of a complete metric space is dense. The proof of the following result 
is absolutely standard (see 

Theorem 1.11 The set Jrcg{H) is residual in J. 



1.7 The Floer complex 

Let H he a Hamiltonian on T x T*M satisfying (HO), (HI), and (H2). Denote by CFA.k{H) 
(resp. CFn^k{H)) the free Abelian group generated by the elements x of Va{H) (resp. Vn{H)) 
with Maslov index fiAi^) = k (resp. ^n{x) = k). Notice that these groups need not be finitely 
generated. Since the discussion will present no differences in the A and in the case, we will omit 
the subscripts and deal with both situations at the same time. 

Let Jo be the positive number given by Theorem O By Theorem [TTTl the set 



Jjo,rcg{H) := { J e Jrcg{H) I II J - Jiloo < J } 



is non-empty. Let us fix some J e J^jo.icgiH). If x,y G 'P{H) have index difference fi{x) — 
niy) = 1, Theorem II .41 and transversality imply that Ai{x,y) is a one-dimensional manifold. The 
compactness stated in Theorem 11.101 and transversality imply that Ai{x,y) consists of finitely 
many lines. Then we can define the integer n(x, y) to be 

n{.x,y):^ ^ e([u]), 

the numbers e([u]) G { — 1,+1} having been defined in section [1.41 The homomorphism 

dk = dk{H, J) : CFk{H) ^ CFk-i{H) 
is defined in terms of the generators by 

dkx^ X! '^i^^y)y^ \fx e ViH), ^i{x) = k. 
Ky)=k-i 

Indeed, the above sum contains finitely many terms thanks to (|16f) and Lemma fl. 51 A standard 
gluing argument shows that dk-i o dt = 0, so {CF^,{H), d^,{H, J)} is a complex of free Abelian 
groups, called the Floer complex of {H, J). The homology of such a complex is called the Floer 
homology of (H, J): 

HFk{H, J) - '■ ^ ^^fc-i J)) 



ran(afe+i : CFk+i{H, J) ^ CFk{H, J)) 

The Floer complex splits into subcomplexes, one for each conjugacy class of 7ri(Af) in the A case, 
one for each element of 7ri(A/) in the case. Moreover, the Floer complex has an K-filtration 
defined by the action functional: if CFj^{H) denotes the subgroup of CFk{H) generated by the 
X G 'P{H) such that A{x) < a, the boundary operator maps CF^{H) into CF^_-^{H), so 
{CF^{H), d^{H, J)} is a subcomplex. By Lemma [T31 such a subcomplex is finitely generated. 

Changing the orientation data (namely, the preferred unitary trivializations of x*{TT*M), 
for X € V{H), and the coherent orientation for S), we obtain an isomorphic chain complex, the 
isomorphism being of the special form 

X ^ a{x)x, \/x e V{H), 
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where a{x) e { — 1,+1}. What is less trivial is that a different choice of the almost complex 
structure J - an operation which changes the Floer equation, and thus its solution spaces - produces 
isomorphic Floer complexes, as the next result shows: 

Theorem 1.12 // J°, e Jjo.rcgiH), there is an isomorphism of complexes 

c^m--{CF^{H),d,{H,.h)}^{CF^{H),d^{H,.h)}, x^ ^ noi(x,y)y, 

yeV(H) 
tj.(y)=fi{x) 

such that nQi{x,x) — 1 and nQi{x,y) — if A{x) < A{y) and x ^ y, or if x and y are not 
homotopic. Such an isomorphism is uniquely defined up to chain homotopy. If is a third 
element of J^jg^j-cg{H), the isomorphisms 0i2 o 0oi o,iT-d 4>o2 o,fs chain homotopic. 

In particular, the isomorphism 0oi preserves the R-filtration, and it is compatible with the 
splitting of the Floer complex determined by the structure of tti{M). The above result is due to 
Cornea and Ranicki, |B] (in the case of Floer homology for a class of compact symplectic manifolds). 
See |2()| . Lemma 6.3, for an earlier application of the same argument. Here we just sketch the 
proof. ^ 

Proof. Using the fact that the space J}^, the i°°-ball of J' centered in J of radius jo, is 
contractible, one can find a homotopy {Js)seM in >Jjo such that Js — for s < and Jg — for 
s > 1, such that counting solutions of 

dsU~Js{t,u){dtu-XH{t,u))=0 (42) 

between x,y G 'P{H) of the same Maslov index, defines a chain map 

001 : {CF,(i?),a,(i/, Jo)} ^ {CF,(i?),a,(i?, Ji)}. 

If u solves (1221), 

d 

—A{u{s)) = -J^ \dsu{s,t)\X jt, 

so the only solutions of H42|l connecting a curve x with a curve y with A{y) > A{x) are the 
stationary ones. Notice that transversality holds automatically at stationary solutions u{s,t) = 
x{t). Indeed, linearization along such a solution yields to an operator of the form 

ds~{Jsdt + S{s,t)) (43) 

where the self-adjoint operator Jsdt+S{s, •) depends on s, but represents always the same quadratic 
form - the second differential of ^ at x - with respect to inner products varying with s. In this 
case, the operator H43|) is easily shown to be invertible. 

We conclude that the coefficients noi(x, y) satisfy the required assumptions. This means that, if 
we order the elements oiV{H) - the generators of CF^{H) - by increasing action, 0oi is represented 
by a lower triangular matrix with diagonal entries equal 1, so it is an isomorphism. The other 
statements can be proved by introducing a homotopy of homotopies. 

Therefore, we can consider the Floer homology HF^{H) = HF^,{H, J) as independent of J. A 
different choice of the Hamiltonian, instead, produces chain homotopic complexes: 

Theorem 1.13 Let Ho,Hi be Hamiltonians on T x T*M satisfying (HO), (HI), and (H2), and 
let J g J^jo.rcgiHo) n Sfja,rcg{Hi). Then there is a homotopy equivalence 

V-oi : {CF,{Ho),d4HQ,J)} -> {CF,{Hi), d,{Hi, J)}, 

uniquely determined up to chain homotopy. If moreover H2 is a third Hamiltonian satisfying the 
same conditions, and .such that J € i7jo,rog(^^2); then the chain maps "012 o "001 ipo2 cire chain 
homotopic. 
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In particular, HF^{Ho) = HF^:{Hi). This result can be proved using the standard homotopy 
argument from Floor theory: one introduces an s-dependent Hamiltonian : M x T x T*M K. 
such that H{s, ■, •) = Hq for s < and H{s, •, •) — Hi for s > 1, and defines the chain map ipQi by 
considering the solutions of the equation 

dgU — J{t, u){dtu — Xh{s, t, u)) = 0, 

connecting elements of V{Hq) and V{Hi). The only delicate point is the L°° estimate for the 
solutions of the above problem. This estimate can be achieved by adapting the arguments of 
section [T31 provided that the Hamiltonians Hq and Hi are close enough. Then the isomorphism 
between the Floer complexes of two arbitrary Hamiltonians satisfying (HO), (HI) and (H2) can 
be constructed by composing a finite number of isomorphisms. Details are contained in the next 
section. 

1.8 L°° estimates for homotopies 

Let i?o and Hi be Hamiltonians on T x T*M satisfying (HI) and (H2). Up to choosing a smaller 
and larger hi, h2, we may assume that Ho and Hi satisfy conditions (HI) and (H2) with the 
same constants /iq, hi, h2. Let x : R — > [0, 1] be a smooth function such that x{s) = for s < 0, 
Xis) = 1 for s > 1, < x' < 2, and set 

iJ : R X T X r*M -> M, H{s,t, x) = xis)Hi{t, x) + {1 - xis))Ho{t, x). (44) 

Every Hamiltonian H^ := H{s, •, •) satisfies (HI) and (H2) with constants h^, hi, ft,2- 

We are going to show that if Hq and Hi are close enough, then Lemma [T77I extends to the 
s-dependent Hamiltonian H. 

Lemma 1.14 Assume that the t-dependent 1-periodic almost complex structure J on T*M satisfies 
\\J\\oo < +00. There exists a positive number e — e(/io, || J||oo) such that if Hq and Hi satisfy 
conditions (HI) and (H2) with constants ho, hi, h2, and 

\Hi{t,q,p)-Hoit,q,p)\<h + e\pf y{t,q,p) e T x T* M, (45) 

for some h > 0, then the following a priori estimate holds. For every pair of real numbers ai, 02 
there exists a number c such that for every u = {q,p) G C°°(R x [0, 1], T*M) solving 

dsu ~ J{t,u){dtu - XH{s,t,u)) = Q, (46) 

and such that 

Ah„ Hs, •)) <a2 Vs < 0, AH^ Hs, •)) >ai Vs > 1, (47) 

there holds 

lbl|L2(/x]04[) < ||Vp||l2(/x]0,1[) < c(l + |/|^), 

for every interval / C R. 

Proof. Denote by U the set of solutions u = {q, p) of H46(l satisfying the action estimate (|47(l . 
Claim 0. For every u G U and every s G R there holds 

Ah^ [uis, •)) <a2 + 2h + 2e|b||i.(]o (48) 

The function s i— > Ahs (^(■Si ')) decreasing on ] — 00, 0] and on [1, +oo[, so 

AHAu{s,-))^AHo{u{s,-))<a2 Vs<0, 
Ah^ {uis, •)) = AH^ Hs, •)) < Ah, (u(1, •)) Vs > 1, 
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and it is enough to prove (|48|1 for s G [0, 1]. In this case, by (|45|1 . (|46|1 . and (|47|1 . 

^AhoHO,-))+ (^dAHAH'^,-))[dsu{<J,-)]- dsH{<j,t,u)d?j da 

= Aho{u{0,-))- f f \dsu\Xdtda+ f x'{<j) f {Ho{t,u)- Hiit,u))dtda 
Jo Jo Jo Jo 



< 



a2 + Wx'Woo (^hs + e \\p{(J, ■)\\hQo,i[) da^ < a2 + 2h + 2e\\p\\l2Qa,ii 



x]0,l[)' 



proving the claim. 

Claim 1. For every u E U there holds 

P^"lli2(Rx]o,i[) < \\J\\lo («2 -ai + 2h + 2e|lp|li2(]o_i[x]o_i[)^ 
Indeed, by gSJ, E3, 

/ \dsu\ldtds = -\\-J\\l dAHAu{s,-))[dsu{s,-)]ds 

-OO J J — OO 

- d_ 

ds 



-\\J\ 



2 •^'^ f d 



— OO 



{AHAu{sr))) + dsH{s,t,u)dt^ ds 



= -||J||^( lim AhA^s,-))- lim AhA<s,-))+ f x'{s)f (Hi{t,u) ~ Ho{t,u)) dt ds) 

\s^+oo s~>—oc /q Jo 



< \\J\\lo (a2'ai + 2h + 2e\\p\\ 



i2(]o,i[x]o,i[) 



as claimed. 

Claim 2. For every u E U and every s G M there holds 

Since -ffs satisfies condition (HI), arguing as in the proof of Lemma Fl. 71 Claim 2, we obtain 

e{dtu) - H{s,t,u) > ho\pf ~hi- \\J\\oo\p\ \dsu\. 

Then by Claim 0, 



a2 + 2ft. + 2e||p||j^2(,oirx]oi[) = / {0{dtu) - H{s,t,u)) dt 

Jo 

> lT'o\\p{s,-)\\l2Qo.i[) - hi - \\J\\oo\\pis,-)\\L^]o,i[)\\dsuis,-)\\m]o.i[) 
> Yb(s> ■)\\h{]o.i[) - hi - ^\\J\\lo\\dsu{s, •)||i2(]o,i[)> 

which is equivalent to H49I) . 

Integrating the inequality (|49|l over ]0, 1[ and using Claim 1, we get 

Y'IIpIIl^qo^iIxIciO ~ (^1 + ^2 + 2h) < 2e||]3||^2Qo,i[x]o,i[) + ^^II-'^IILII^sw||^2qo,i[x]o,i[) 
< 2e||p||i2Qo,i[x]o,i[) + ("2 -ai+2h + 2e||p||^2Qo,i[x]o,i[) 
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or equivalently, 

(y " ^'(^ + i"^"^)) IWl'^(]o.i[x]o,i[) < /^i + 02 + 2/1 + J||^(a2 - ai + 2/j). 
Therefore, if e = e(/io, ||^||oo) satisfies 

we deduce that |1p||l2(]o,i[x]o,i[) is uniformly bounded, for u = G Hence, Claim 1 and 

Claim 2 can be improved, producing the following estimates. 

Claim 1'. There exists ci such that ||9su||l2(jjx]o.i[) ^ ci for every u €U. 

Claim 2'. There exists C2 such that ||p(s, OlU^dciO ^ ^2(1 + ||(9su(s, •)||l2(]o,i[)) for every 
u eU and every s S M. 

These are exactly the first two claims in the proof of Lemma 11.71 The remaining part of the 
proof of that lemma extends to the case of the s-dependent Hamiltonian without any change. 

The above lemma and the Calderon-Zygmund estimates of ProDOsition ll.Sl implv the following 
L°° estimates. The proof is identical to the proof of Theorem II. 91 

Theorem 1.15 Assume that the Hamiltonians Hq and Hi satisfy (HI), (H2), and with 
e = e(/io, ||>/||cx;) small enough as in Let H he the s-dependent Hamiltonian defined in 

Assume that the t-dependent 1-periodic almost complex structure J on T*M satisfies \\J~ J\\oc < 
jo, where jo is given by Theorem \1.9l Then for every 01,02 S M there holds: 

1. the set of solutions u = {q,p) G C°°(M x T, T* M) of 

dsu~ J{t,u){dt - XH{s,t,u)) = 0, (51) 

such that Aho {^{3, •)) < 02 for every s < and Ahi {u{s, ■)) > ai for every s > 1, is bounded 
in L°°{R X T,T*M); 

2. the set of solutions u = {q,p) e C°°(Rx [0, l],T*M) of such that q{s,0) = go, g(s, 1) = 
Qi, Anoi'uis, •)) < 02 for every s < and AHiiu{s, •)) > oi for every s > 1, is bounded in 
L°°{R X [0,l],T*Af). 

Let us conclude this section by sketching the proof of Theorem 11.131 Let Hq and Hi be 
Hamiltonians satisfying (HO), (HI), and (H2). We may assume that (HI) and (H2) hold with the 
same constants /iq, /ii, /i2- By the second condition of (H2) and the compactness of M, there exists 
^3 > such that 

\Ho{t,q,p)\<h3il + \pf), \Hiit,q,p)\<h3{l + \p\^). (52) 

Let A e [0, 1] and set Hx = XHi + (1 - X)Ho. If Aq, Ai G [0, 1], jSl implies 

\HxAt,q,p) - Hx„{t,q,p)\ = |(Ai - Ao)(i7i - Ho){t,q,p)\ < 2/^3! Ai - Ao|(l + \p\^). 

So, if |Ai — Ao| < e/ (2/13) the Hamiltonians H\„ and iJ^i satisfy the assumptions of Theorem ll.151 
In this case, the moduli spaces of solutions u of equation H51|l satisfying w(— 00, •) G V{H\g) and 
m(+cx), •) e V{H\-^) can be used to define a chain map 

V-AoAi : {CF4Hx„,d,iHx„,J)} {CF,{Hx,,dAHx,, J)}. 

By the usual gluing argument, ipXiXo is a- chain homotopy inverse of V'AqAi , which thus induces an 
isomorphism at the homology level. The chain homotopy equivalence 

V^oi : {CF,{Ho,d,iHo,J)} ^ {CF^iJi, a,(iJi, J)}, 
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can then be defined as the composition 



V'oi = ■0Afc_iAfc o • • • o ipXoXi where Aq < Ai < • • • < Afe = 1, 



|A,-A,_i|<— Vj = l,...,A:. 

Standard gluing arguments imply that the chain homotopy class of ipoi does not depend on the 
choices we have made, and that -012 o ipQi is chain homotopic to '002, concluding the proof of 
Theorem [TBI 



2 The Morse complex of the Lagrangian action functional 

2.1 Lagrangian dynamical systems 

Let M be a connected compact smooth manifold, the configuration space of a Lagrangian dy- 
namical system, assumed to be one-periodic in time. Points in the tangent bundle TM will be 
denoted by {q, v), with q e M, v e TqM. We will denote by r : TM M the standard projec- 
tion, and by T^^^^TM the vertical subspace kerDr(q, u) = TqM of Tf^q^y-fTAI. The Lagrangian 
L : T X TM R, T = R/Z, will be a smooth function satisfying: 

(LI) there exists > such that 

S/yyL{t,q,v) > iol 

for every {t, q,v) gTx TM; 

(L2) there exists ii > such that 

|V™L(i,g,«)| < 4, \VqMq,v)\ < h{l + \v\), \VqqL{t,q,v)\ < 4(1 + 

for every {t,q,v) e T x TM. 

Here we have fixed a Riemannian metric (•, •) on M, with corresponding norm | • |, and Vw, 
Vgi,, Vqg denote the components of the Hessian in the splitting of TTM into the vertical and 
horizontal part, given by the corresponding Levi-Civita connection. It is easily seen that the 
above conditions do not depend on the choice of the Riemannian metric. Physical Lagrangians of 
the form 

L{t, q, v) = i|T(i, q)v - Ait, <7)|2 - V{t, q) 

satisfy conditions (LI) and (L2), provided that the symmetric tensor T*T is everywhere positive. 

The strong convexity assumption^ (LI) implies that L defines a smooth vector field Yl on TM. 
Indeed, we can define a 1-periodic Hamiltonian on T*M by means of the Legendre transform (see 
for instance ^[): 

H{t,q,p)= nmx {p[v]- L{t,q,v)) p[v{t,q,p)]~ L{t,q,v{t,q,p)), (53) 

for every [t,q,p) G T x T*M, where the map u is a component of the fiber-preserving diffeomor- 
phism 

■.TxT*M ^TxTM, {t,q,p) ^ it,q,v{t,q,p)), 

the inverse of 

£l : T X TM ^ T X T*M, {t, q, v) ^ (t, q, dL{t, q, v)\t^^^^,^tm) ■ 

^Here it would be enough to assume that the map sending v into the restriction of dL{t, q, v) to the vertical 
subspace is a diffeomorphism from TqM onto T*M. The strict convexity in the v variables will be important in 
order to guarantee the Palais-Smale condition (see Proposition 12. 4^ . 
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Actually, 



H{t,q,p) =p[v_ 



L{t, q, v) if and only if p — dL{t, q, v)\t^ 



TM- 



(54) 



The Hamiltonian H and the canonical symplectic form lo on T*M define the 1-periodic Hamilto- 
nian vector field Xh on T*M, and Yl is defined to be the pull-back of Xh by the diffeomorphism 
£l- Equivalently, is the l-periodic Hamiltonian vector field on TM determined by the sym- 
plectic form £*i^LO and by the Hamiltonian H o Zl- 

Remark 2.1 Notice that if the Lagrangian has the form L(t, q, v) = f /2|up — V(t, q), then Zl is 
the identity on T times the isomorphism TM T*M induced by the metric (•, •), and H{t, q,p) = 
f/2|pp -|- V{t,q). In general, however, the restriction of Zl to the fibers need not be linear. 

The integral curves y :]a, TM of the vector field Yl are of the form y{t) = {q{t),q{t)), 
where q :]a, 6[— > M solves the second order ODE 



Here Vt denotes the covariant derivation along q, and Vt,, Vg denote the vertical and the horizontal 
part of the gradient of L. 

We will be interested in the set Va{L) of 1-periodic solutions of if^ . and in the set Vq{L, qo, qi) 
of solutions q : [0,1] ^ M of such that q{0) = qo and q{l) = qi, for two fixed points go, 9i G M. 
In each of these cases we shall make one of the following non-degeneracy assumptions: 

(LO)a every solution q E Va{L) is non-degenerate, meaning that the differential of the time-one 
integral map of Yl at q(0) does not have the eigenvalue 1; 

(L0)f2 every solution q G Vn{L, qQ, qi) is non-degenerate, meaning that the differential of the 
time-one integral map of , 



maps the vertical subspace at {q{0),q{0)) into a subspace having intersection (0) with the 
vertical subspace at {q{l),q{l)). 

These conditions can be stated in an equivalent way in terms of the Jacobi vector fields along 
the solution q: (LO)a requires that there are no 1-periodic Jacobi vector fields, while (LO)n requires 
that there are no Jacobi vector fields vanishing for t = and lor t = 1. 

The Legendre transform Z^ provides us with a one-to-one correspondence between the set of 
solutions Va{L) (resp. Vn{L)) of the Lagrangian system and the set of solutions Va{H) (resp. 
Vn{H)) of the Hamiltonian system. The non-degeneracy condition (LO) is equivalent to its coun- 
terpart (HO). 

2.2 The variational setting 

Denote by K^{M) the space of ah loops g : T — > M of Sobolev class W^''^, and by ^'^{M,qQ,qi) 
the space of all paths q : [0,1] — + M of Sobolev class W^''^ such that q{Q) = qo and <;(1) ~ qi. 
These spaces have Hilbert manifold structures (see this and for the other results cited in 

this section). The tangent space of A^{M) at q is identified with the space of 1-periodic W^'^ 
tangent vector fields along q, while the tangent space of ^1^{M) at q is identified with the space 
of W^''^ tangent vector fields along q vanishing for t = and for t = 1. 
The action functional 



is smooth on A^{M) and on U^{M, qo,qi)- Its restrictions to these manifolds will be denoted by 
f A and Sq. The critical points of £a are the elements of Va{L), while the critical points of £n 
are the elements of 'Pa{L,qo,qi). Condition (LO)a (resp. (LO)a) is equivalent to the fact that all 



Vt {^vL{t, q{t),q{t))) - V,i(t, q{t), q{t))- 



(55) 
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the critical points of £a (resp. of £n) are non-degenerate. Moreover, condition (LI) implies that 
all these critical points have finite Morse indices, denoted by mjy{q) and m^{q). The proof of the 
following result, essentially due to Duistermaat 8 , can be found in 35 , Theorem 1.2, for the case 
of periodic orbits, and in Proposition 6.38, for the case of fixed end-points^. 

Theorem 2.1 Assume that M is orientable, let q e Va{L), and let x G Va{H), {t,x{t)) — 
£L(i, q{t), q{t)), be the corresponding 1-periodic solution of the Hamiltonian system on T*M . Then 

mj^[q) = p.a{x). 

Let q E 'Pn{L,qQ,qi) and let x G Vn{H,qQ,qi), {t,x{t)) — ZL{t,q{t),q{t)), he the corresponding 
solution of the Hamiltonian system on T*M . Then 

™o(g) = m{x)- 

The following comparison between the Hamiltonian and the Lagrangian action functionals 
follows immediately from the definition of the Hamiltonian (|53|) and from H54|l : 

Lemma 2.2 If x = {q,p) : [0, 1] T*M is continuous, with q of class W^''^, then 

A{x) < £{q), 

the equality holding if and onlyifp{t) = dL{t,q{t),q{t))\T^^^^TM, that is if and only if {t,q{t),p{t)) = 
^L(t, lit)-, <i{t)) for every t S [0, 1]. In particular, the Hamiltonian and the Lagrangian action func- 
tionals coincide on the solutions of the two systems. 

Let q be a solution in Vk{L) (resp. in Vn{L)), and let x — {q,p) be the corresponding solution 
in Va{H) (resp. in Vn{H)). By the above lemma, A < E o t* on K^{T*M) (resp. on n^[T*M)), 
and A{x) = £{t* o x). So, taking also into account the fact that a; is a critical point of Aa (resp. 
An), and t* o a; = 5 is a critical point of £a (resp. £n), we deduce the following: 

Lemma 2.3 Let q he a solution in Va{L) (resp. in Vn{L) ), and let x = {q,p) he the corresponding 
solution in Va{II) (resp. inVn{H)). Then 

d'Aix)[C,C] < d'£iq)[DT*ix)[(:iDT*{xm], 

for every C S T,K\T*M) (resp. C e T,n\T*M,qo,qi)). 

Assumption (LI) implies that L is bounded below, and so is the action functional £. 
The metric (•,•) on M induces a Riemannian metric on the Hilbert manifolds A^(M) and 
Oi(M,go,«i), defined by 

((^,'7))i - / ((VtC,Vt77) + (e,r;)) dt, 
Jo 

for ^, r] elements of TqA^(Af) or of Tqil^{M, qo,qi). The corresponding distances on A^(M) and on 
^l^{M,qo,qi) are compatible with the manifold topologies, and they are complete. The following 
compactness result is proved in 3 (in the case of periodic orbits, the case of fixed end-points is 
analogous): 

Proposition 2.4 The functional £ satisfies the Palais-Smale condition on the Riemannian man- 
ifold {A^{M), {{■,■)) i) and on (rii(M, go, 9i), ((•, •))i)- every sequence (g„) C A^{M) (resp. (g„) C 
fl^ {M , qo , qi) ) such that £{qn) is hounded and ||V£A(9n)||i (resp. \\^£n{qn)\\i) is infinitesimal, is 
compact. 

^In 1251 and in f?5l there is a sign difference, due to tlie fact that in both papers the cotangent bundle is endowed 
with the symplectic form —lo. 
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2.3 The Morse complex 

If a functional / of class C'', h £ {2,3,..., oo}, on a Hilbert Riemannian manifold (OT, ((•, •))) 
satisfies: 

1. all the critical points x oi f are non-degenerate and have finite Morse index m{x); 

2. / is bounded below; 

3. the Riemannian manifold (971, ((•, •))) is complete; 

4. / satisfies the Palais-Smale condition on (Tl, ((•, •))); 

we can associate to it a complex of Abelian groups, the Morse complex of /, whose homology is 
isomorphic to the singular homology of VJl. Its construction will be sketched in this section. See 
^ for full details. 

Denote by crit(/) the set of critical points of /. Our assumptions imply that the set 

crit(/) n {/ < a} (56) 

is finite for every a G K. Denote by critfc(/) the set of critical points cc of / of Morse index 
m{x) = k, and let CMk{f) be the free Abelian group generated by the elements of critfc(/). 
Notice that CMk{f) may have infinite rank. 

Denote by G the space of C'*"^ sections G of the bimdle of endomorphisms of TTl such that 

G{p) is ((•, •))-symmetric for every p E 9Jl, ||G||(7h-i < oo, and HGjlco < 1, 

endowed with the (metrizable) topology of uniform convergence up to the (/i— l)-th derivative. If 

9iC,v)^9GiC,v) ■■= {{{I + G{p))^,r,)), tv^^TpM, 

is a complete Riemannian metric on 971, uniformly equivalent to the original one, so / satisfies the 
Palais-Smale condition with respect to g. The gradient of / with respect to the metric g will be 
denoted by Vg/. 

Let 0* be the local integral flow of the vector field — Vg/. Its rest points are the critical 
points of /, and / is strictly decreasing on the non-constant orbits of 0*. For x e crit(/), let 
T^dJl = V~'{x)Q)V^{x) be the splitting of T^-QJl corresponding to the decomposition of the spectrum 
of the Hessian Vg/(a;) into the negative and the positive part. By (i), m{x) — dimV~{x) is always 
finite. If a; e crit(/), the unstable and the stable manifold of x, 

Wix) = VF"(x; /, g) |p e M I ^ lim 0*(p) = x 

W'ix) = W''(x;f,g) = IpeTll lim (f>Up)^x 

are images of C'"'^ embeddings V-{x) ^ M, V+{x) ^ 971, and T^Wix) ^ V-{x), T^Wix) = 
V~^{x). In particular, 

dmiW^{x) = m{x), codimW^*(a;) = m{x), 

W^{x) is orientable, and W^{x) is co-orientable, meaning that its normal bundle is orientable. 
Assumptions (i-iv) on the functional have the following consequences: 

Proposition 2.5 Each unstable manifold W"{x) is pre-compact in 971. The closure ofW"{x) is 
contained in 

W^x) U y W^iy). 

yGcrit(/) 
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Proposition 2.6 There is a residual set Q^cg C G of elements G for which W^{x) and W^{y) 
intersect transversally, whenever^ m{x) — m(y) < h — 1. In particular, for G £ Greg- 

1. if m{x) < m{y) and x ^ y then W^{x) H VF^(y) — 0; 

2. if m{x) — rn{y) — 1 then W^{x) D W^{y) is a one- dimensional manifold. 

A metric g = go coming from G G Greg is therefore a Morse-Smale metric for /. Let us fix 
sucfi a metric g. Consider the increasing sequence of open sets 



Using Proposition 12.61 (i) and the Palais-Smalc condition, it can be proved^ that if the neigh- 
borhoods 'U{x) are suitably smaU, then the singular homology groups of the pair {Uk,Uk-i) are 



Indeed, Hk{Uk, Uk~i) is the free Abelian group generated by the relative homology classes of balls 
in W'^{x), for x S crit/t(/), chosen to be so large that their boundary lies in Ut-i- Moreover, the 
gradient flow of / can be used to show that C/ is a deformation retract of 971. By (|57l) . {Uk}k>-i 
is a cellular filtration of U (see [7|, section V.l), and we define 



to be the associated cellular homomorphism. By standard results about cellular filtrations, the 
above homomorphisms are the data of a complex, the cellular complex associated to the filtration 
{Uk\k>-i, whose homology is isomorphic to the singular homology of U : 



The complex {CM, (/),(?,(/, 5)} is called the Morse complex of {f,g). 

Finally, let us describe what the boundary homomorphisms dk{f,g) look like, in terms of the 
generators of GMk{f)- Let us fix an orientation of each unstable manifold W'^{x), in an arbitrary 
way. Consequently, we get a co-orientation of each stable manifold W^*(x). Since a transversal 
intersection of an oriented submanifold and a co-oriented submanifold has a canonical orientation, 
by Proposition 12.61 (ii) we get an orientation of each intersection W'^{x) n VF^(y), in the case 
m{x) — m{y) = 1. Let x € critfc(/) and y e critfe_i(/). The compactness expressed by Proposition 
12.51 and the transversality expressed by Proposition 12.61 imply that VF" (x) n (y) consists of 
finitely many flow lines. The flow line through p - denote it by [p] - has the orientation defined 
above, and we define e{[p]) to be -t-1 if the tangent vector —Vgf{p) is positively oriented, to 

"The fact that we get transversal intersections only for index difference not exceeding h — I is related to the 
fact that we are assuming / to be only of class C''. The possibility of keeping the regularity requirements low is 
important in nonlinear analysis, because functionals arising from smooth problems have often low regularity, and 
because in infinite dimensions C''+^ functionals are not dense in the space of C** ones, when h > 1. Notice that 

regularity implies transversality up to index difference one, which is just what is needed for the construction of 
the Morse complex. In our case, the action functional £ is smooth, so we get transversal intersections for arbitrary 
index difference, for a residual set of smooth metrics. 

'^Here we are assuming that for every A: G N there are finitely many critical points of Morse index k. In the case 
of infinitely many critical points with the same index a stronger transversality assumption would be needed. In 
that case, an easier way to construct the Morse complex is to deal with each sublevel separately, and then take a 
direct limit. See Q for more details. 



Uk = {(f>\p) \t>0,pe U{x), X e crit(/) with 771(2;) < k} , k eN, 



where U (x) is an open neighborhood of x. We also set 



U-i =0, and U=\J Uk. 




(57) 



dk = dk{f,g) : GMkif) = Hk{Uk, Uk-i) ^ Hk-i{Uk^i) 
^ Hk-iiUk-i, Uk-2) = CMk-iif) 



Hk{{CM^{f),d4f,g)}) - Hk{U) - Hk{m). 
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be —1 in the opposite case. Then the integer n{x,y) is defined to be the sum of these entries, 
n{x,y) = f*-*^ W varying among all the flow lines connecting x to y. It can be proved 

that 

dkX = ^ n{x, y)y. 

J/6critfc_i(/) 

Notice that the above sum is finite because the set H56II is finite. Furthermore, it can be proved 
that the isomorphism class of the complex {CM,(/), 9, (/, go)} does not depend on G € ^rog^ 

Proposition 2.7 Assume that and gi are Morse-Smale metrics for f, uniformly equivalent to 
((•,•)). Then there exists a chain isomorphism 

001 :{CM,(/),5,(/,5o)}-^{CM,(/),9,(/,ffi)}, x^ ^ noi(x,y)y, 

yecrit(/) 
m{y)—m(x) 

such that noi{x, x) — 1 and nQi{x, y) — if f{x) < f{y) and x ^ y. 

The proof is completely analogous to that of Theorem 11.121 We summarize the above discussion 
into the following: 

Theorem 2.8 Let f be a functional on a Hilhert manifold 9Jl, satisfying (i), (ii), (Hi), (iv). 
Let CMkif) be the free Abelian group generated by its critical points of Morse index k. Then the 
above construction produces a complex 

dk-. CMkif) ^CMk-iif), dkx= <^^y)v. 

j/ecritfc_i(/) 

uniquely determined up to isomorphism, whose homology groups are isomorphic to the singular 
homology groups ofdJl. 

Clearly, the Morse complex splits into subcomplexes, one for each connected component of 
dJl, and the isomorphisms with singular homology respects such a splitting. Moreover, the 
Morse complex is filtered by the functional level: if a e M, the boundary homomorphism maps 
CM^if) := span(critfe(/) n {/ < a}) into CM^_,{f). So {CM:{f),d,{f, g)} is a subconiplex of 
{CM*(/), g)}, and its homology is seen to be isomorphic to the singular homology of the 
sublevel {/ < a}. Both the splitting into subcomplexes and the M filtering are compatible with 
the isomorphisms of Proposition |^7| 

2.4 The Morse complex of £ 

By what we have seen, assumptions (LO), (LI), and (L2) imply that both £a and £a satisfy the 
conditions (i), (ii), (iii), and (iv) of section Therefore, ii CMk{£A) (resp. CMk{£n)) denotes 
the free Abelian group generated by the solutions in Va{L) (resp. Vn{L,qo,qi)) of Morse index 
i\{q) = k (resp. in{q) = k) we get an isomorphism class of complexes 

<9fc : CMfc(fA) ^ CMu-i{£a), (resp. : CMk{£n) ^ CMk^^{£n)), 

whose homology is isomorphic to the singular homology of A^(M) (respectively of 57^ (A/, go: 
Since the inclusions 

h}{M) ^ A{M), 

n\M,qo,qi) ^ {q e C°i[0,l],M) \ q{0) = qo, <?(!)= gi} 

are homotopy equivalence and since the latter space is homotopically equivalent to the based loop 
space fl{M), we deduce that the homology of the above complexes are isomorphic to the singular 
homology of the free loop space of M, and of the based loop space of M : 

Hk{{CM,i£A),d,}) ^ i/fc(A(M)), Hk{{CM4£n),d,}) ^ Hkin{M)). 
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The complex {CM^,{£\), d^,} (resp. {CA/*(fj2), 9*}) splits into siibcomplcxcs, one for each conjii- 
gacy class of tti{M) (resp. one for each clement of 7ri(M)). Finally, if CM^{£\) (resp. CM^{£fi) 
denotes the subgroup of CMk{£A) (resp. CMk{£n)) generated by solutions of action less than a, 
we obtain a filtering of the above complex by subcomplexes such that 

Hk{{CM^{SA), d*}) ^ Hk{{£A < a}), (resp. Hk{{CM^{£n), d.}) ^ Hk{{£n < a}) ). 

3 The isomorphism between the Morse and the Floer com- 
plex 

We are now ready to state and prove the main result of this paper: 

Theorem 3.1 Assume that the Hamiltonian H e C°°(T x T*M) satisfies (HO), (HI), and (H2). 
Assume also that H is the Legendre transform of the Lagrangian L € C°°(T x TM) satisfying 
(LO), (LI), and (L2). Let J be a t-dependent, t & T, w-compatible almost complex structure on 
T*M, belonging to Jjg^reg{H). Let g be a Riemannian structure on (M) (resp. onQ^{M,qQ,qi)) 
uniformly equivalent to {{■, and having the Morse-Smale property with respect to £. Then there 
is a chain complex isomorphism 

e : {CM,{£),d,{£,g)} {CF,{H),d,{H,J)} 

of the form 

Qq= n+{q,x)x, yq€V{L), 

H{x)=m{q) 

such that ri^{q,x) = if £{q) < A{x), unless q and x correspond to the same solution - that is 
£,{t, q{t), q{t)) = {t, x{t)) for every t € [0, 1] - in which case n~^{q, x) = ±1. 

In particular, © induces an isomorphism between the subcomplexes {CM"{£)} and {CF"{H)}, 
for every a € M. Finally, O is compatible with the splitting of the Floer and the Morse complex 
into the subcomplexes corresponding to different conjugacy classes of Tri{M) (resp. of different 
elements of'Ki{M)). 

Fix some r g]2,4]. Given q e Va{L) and x G Pa{H), let A^^(g,x) be the set of all maps 

u e C°°(]0, +oo[xT,T*M) n W^'^'QO, l[xT, T*M) 

such that 

dsU - J{t,u){dtu - XH{t,u)) = on ]0,+cx)[xT, 

T*u{0,-)eW^{q)^W"(q:£A,gA), 
lim u{s, t) = x{t) uniformly in t G T. 

s— >+oo 

Similarly, if g e 'Pa{L) and x G Vq{H), let A4Q{q,x) be the set of all maps 
u e C°°(]0, +oo[x [0, 1], T*M) n W^'''(]0, l[x]0, 1[, T*M) 

such that 

dsU — J{t, u){dtu — Xnit, u)) = on ]0, +oo[x [0, 1], 
T*u{s,0) = qo, T*u{s,l)=qiys>0, and t*u{0,-) G W^{q) = W^{q;£n, gn), 

lim u{s, t) = x{t) uniformly in t e [0, 1]. 

s — *+oc 

It makes sense to look for solutions u which are of Sobolev class W-^'"^ near {0} x [0, 1], with r g]2, 4], 
because in this case u(0, •) belongs to the Sobolev space 

;^i-i/r,rgo, l[, T*M), and the boundary 
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condition r*u(0, •) £ W^{q) is well-posed because W^{q) consists of curves in W^'^(]0, 1[), which 
continuously embeds into W^~^/'''''(]0, 1[) for r < 4 (see jSj, section 7.5.8). 
The action functional satisfies the estimates 

^('^-V,£(9)) = £{<!) - r g{ygn^U,£m,^M^-V,£m)dt < £{q) 
J —oo 

for every q g \ {q}, and 

l< + OC pi 

A{u{sa,-)) = Aix) + / \\/jA{u{s,-)){t)\'^j^dtds>Aix) 

J so Jo 

for every solution u of dgU — J(t,u){dtu — XH{t,u)) — converging to x for s +oo, different 
from the stationary solution u{s,t) ~ x{t). Then Lemma 12.21 implies that if u e A4^{q,x), 
q{t) t*m(0, t), and t < < s, then 

£{q) > f (0-v£(9)) > ^(9) > ^("(0, •)) > A^s, •)) > A{x), (58) 

and £{q) — A{x) if and only if q and a; correspond to the same solution by the Legendre transform 
- that is £L{t,q{t),q{t)) = {t,x{t)) for every t - in which case Al"''((j, a;) consists of a single element, 
the stationary solution x. 



3.1 The Predholm theory 

Let us describe the functional setting which allows to see Ai~^{q, x) as the set of zeros of a smooth 
section of a Banach bundle. In the A-case define Bj^ = Bf^{q,x) to be the set of maps u : 
[0, +oo[xT T*M which are of Sobolev class W^'^ on every compact subset of [0, -|-oo[xT and 
such that: 

1. T*u(0,-) e W{q); 

2. there is sq > for which 

u{s, t) = exp^(t)(C(s, t)) V(s, t) e]so, +oo[xT, 

where C is a W^''' section of x*{TT*M) ^]so,+oo[xT. 

The set Bj^ has a natural structure of smooth Banach manifold, and its tangent space at u G 
is identified with the space of W^'^ sections w of u*{TT*M) such that 

Dt*{u{0, ■))[w{0, ■)] e r,.„(o,.)W^"(9)- (59) 

Similarly, B^ — B^{q, x) will be the Banach manifold of all maps u : [0, +oo[x [0, 1] — > T*M which 
are of Sobolev class W^'^ on every compact subset of [0, +cx)[x [0, 1] such that u{s,0) £ T*^M, 
u{s, 1) £ T*_^M for every s > 0, and (i) and the analogous of (ii) hold. 

We denote by = W^{q, x) (resp. Wq = W^iq, x)) the Banach bundle over B^ (resp. B^) 
whose fiber yV+ at u is the space of L'' sections of u* (TT* M) . Standard elliptic regularity results 
and the exponential convergence guaranteed by (HO) imply that Ai^{q,x) is the set of zeros of 
the smooth section 

dj.H ■ W"^' dsu~ J{t,u){dtu- Xnit^u)). 

The aim of this section is to prove the following: 

Theorem 3.2 If q £ V{L), x £ V{H), and u £ M'^{q,x), then the fiberwise derivative of djj^ : 
B^{q,x) — !■ yV^{q,x) is a Fredholm operator of index 

ind Dfdj^iu) = m{q) - fi{x). 
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By ((29, the space Wu of W'^''' sections w of u*{TT*M) such that w(0, •) G T^^^ ,^T*M - or 
equivalently Dt*{u{Q, •))[w(0, •)] - is a closed hnear subspace of TiiB'^{q,x) of codimension 
m{q). Therefore it is enough to prove that the restriction of Dfd~^fj{u) to Wu is a Fredholm 
operator of index —fj,(x). 

We recall that Ao denotes the vertical Lagrangian subspace of (R^",Ci;o), Aq = (0) x R". The 
proof of the following lemma is analogous to that of Lemma ll. 31 fit is actually simpler): 

Lemma 3.3 Let u £ MX{q,x) (resp. M^{q,x)), and let $+ : T x K^" ^ x*{TT*M) (resp. 
$+ : [0,1] X R2n ^ x*{TT*M)) be a unitary trivialization such that $+(-)Ao = T^f^,^T*M. Then 
there exists a unitary trivialization 

$ : [0, +oo] X T X R2" ^ u*{TT*M) (resp. $ : [0, +oo] x [0, 1] x M^" u*{TT*M) ) 

which is smooth on ]0, +oo] x T (resp. on ]0, +oo] x [0, l]j and of class W^'^ on ]0, l[xT (resp. on 
]0, l[x]0, such f/iaf $(s,i)Ao ^T^^^ ^^T*M for every {s,t) e [0,+oo]xT (resp. [0, +oo] x [0, 1]^, 
and $(+oo, •) = 

The trivialization $ given by Lemma 13.31 defines a conjugacy between the restriction to of 
Dfdj^{u) : T^B^ yV+ and a bounded operator 

D+A : W^^Y(]0,+oo[xT,M2") ^ L'-(]0,+oo[xT,R2"), 
(resp. : Wl^; ^ U ) 

of the form 

DI^v = dgV — Jodtv — S{s, t)v. 
Here 5" : [0,+oo[xT 0[(2n,M) (resp. S : [0,+oo[x[0, 1] gl{2n,R)) has the form 

S = $-i(V^$ - J{t, u)Vt^ ~ V^J{t, u)dtu + V^VH{t, u)). 

Therefore, S is smooth on ]0, +oo[xT (resp. on ]0, +oo[x [0, 1]), and it is of class U on ]0,l[xT 
(resp. on ]0, l[x]0, Moreover, 

lim S{s, t) ~ 5(+oo, t) uniformly in 

s — > + c<: 

where S{+oo, t) is symmetric for every and the solution of 

7'(t) = Jo5(+(X3, t)7(i), 7(0) = /, (60) 
is conjugated to the differential of the Hamiltonian flow along x: 

7(i) = $(+c5o,t)-iL'<?!)^(a;(0))$(+oo,0). 
Hence (HO)a is translated into the condition 

1 is not an eigenvalue of 7(1), (61) 
while (H0)o is translated into the condition 

7(l)AonAo = (0). (62) 
Therefore Theorem 13. 21 is a consequence of the following: 
Theorem 3.4 If r e]2,+oo[ the following facts hold: 

(a) Assume that the matrix valued map S :]0, +oo[xT 0[(2n,R) is of the form S = Si -\- S2, 
where Si G L°°(]0, +cx)[xT, 0[(2n, R)), and S2 G L'^(]0, +(X)[xT,fll(2n,R)) has bounded support. 
Moreover, assume that the limit 

S{+oo,t) :— lim S{s,t) = lim 5i(s,i) 

s — ^+00 s — >+oo 
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is uniform int T, and that the solution 7 of \6U\) satisfies \61}) . Then the bounded linear operator 

D+j, ■ Wll^{]0,+oo[xT,R^'') ^ L''(]0,+c3o[xT,m2"), u^dsU- J^dtu ~ S{s,t)u, 
is Fredholm of index 

indD+j^ = -Hczil)- (63) 

(b) Assume that the matrix-valued map S :]0, +oo[x]0, 0[(2n,R) is of the form S = Si + S2, 
where 

Si e i°°(]0,+oo[x]0,l[,gK2",K)), 5*2 e £''(]O,+oo[x]O,l[,0[(2n,M)), 
and S2 has bounded support. Moreover, assume that the limit 

S{+oo,t) := lim S{s,t) — lim Si{s,t) 

s — > + oo s — ^+00 

is uniform in t E [0,1], and that the solution 7 of l^60\) satisfies l^6'2\) . Then the bounded linear 
operator 

Dt,n ■■ W^aYCO' +o«[x]0, ^ L^QO, +oo[x]0, 1[, R^"), 

u dsU ~ Jodtu ~ S{s, t)u, 



is Fredholm of index 



n 



indi?Jn = f -m(7(-)Ao,Ao). (64) 



Proof. The multiplication operator 

W'^Y(]0,+oo[xT,R2") ^i'^(]0,+oo[xT,R2"), u>-^ S2U, 
(resp. Wl;^{]0,+oo[x]0,llR^") ^ L'^{]Q,+oo[x]0,l[,R'^''), u ^ S2U ) 

is compact. Indeed, if S2 has support in [0, sq] x [0, 1], the above operator factorizes through 

W^'^-QO, so[x]0, 1[) ^ L^{]0, so[x]0, 1[) ^ L'-QO, 5o[x]0, 1[), 

where the inclusion is compact because r > 2, and the second map is continuous because S2 G L^. 
Since a compact perturbation of a Fredholm operator is still Fredholm with the same index, the 
presence of the term S2 does not change the Fredholm property and the index. Therefore, in the 
remaining part of the proof we may assume that S2 = 0, hence that 5 = 5i is in L°°. In this case 
statements (a) and (b) will actually hold for every r g]1, +00 [. 

The proof that Dg^ and Dg^ are Fredholm is now standard; let us sketch the argument, 
referring to |2Z] for more details. The main ingredients are the following facts: 

1. By condition (resp. 1)62(1 ^. the translation invariant operator 

■Ds(+oo,.),A : W^'^'iR X T,R2") ^ L'^(R x T,R2") 
(resp. i?s(+oo,),o : W^^Y(^^]0' ^t' ^'") ^ ^'^(Rx]0, 1[,R2") ) 
mapping u into dgU — Jodtu — S{+oo, t)u, is invertible. 

2. The Calderon-Zygmund inequality stated in Proposition ll. 81 implies that there exists cg such 
that 

I1u||h'1.'-(]0,+oo[x]0,1[) < Co(|li5j||LrQo,+oo[x]0,l[) + (1 + II 5*11 L-' ) |1 w|l L-GO.+oclxlO.lo), 

for every u € W^^^'''(]0, +oo[xT, R^") (resp. u € VF^^'''(]0, +cx)[x]0, 1[, R^")). 
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3. Let us identify the cokernel of with the annihilator of the range of D^: if 1/r + 1/r' = 1 
we have 

cokerD+A = {mnD+j^y = |t; e L''' (]0, +oo[xT, M^") 
[ vD+^udsdt = Vu e iy^^;''(]0,+oo[xT,M2")\ 

(resp. cokerD+j-2 = (ranD+f^)° = ji; e L'''(]0, +oo[x]0, 1[,M2") 

ViieM/l;;(]0,+oo[x]0,l[,E2")|) 



u • Dgf^u ds dt 

]0,+oo[x]0,l[ 

Then the regularity theory for the weak solutions of the Cauchy-Riemann operator implies 
the following facts: 

(a) the cokernel of -D5 ^ consists of the maps v £ W^'^ (]0, +oo[xT, M^") solving 

dsv + Jodtv + Sis, tfv = 0, (65) 
and such that u(0, t) £ = M" x (0) for every t e T; 



(b) the cokernel of ^ consists of the maps v G W^^''"' (]0, +cx)[x]0, 1[,M^") solving (|^ . 
and such that 

z;(0, t) e = K" X (0) Vt e [0, 1], v{s, 0), v{s, 1) £ Aq = (0) x M" Vs > 0. 

By (i) and (ii) there exist constants sq and ci such that 

I|w||m/1''-(]o,+oo[x]o,i[) ^ ci (ll-Djulliroo^+ooixioaD + llwlU-co.solxloaD) • 
Then the compactness of the embedding 

implies that Dg has finite dimensional kernel and closed range. Finally, (iii) implies that the 
cokernel of Dg can be identified with the kernel of an operator of the same kind (with different 
boundary conditions), which is finite dimensional by the previous argument. 

There remains to compute the Frcdholm index of -D5 ^ and D^^. We will make this computa- 
tion when n — 1 and S" is a suitable constant matrix, and then we will use a homotopy argument 
to pass to a general S. Notice that if 5 is constant, the elements of the kernel and cokernel of 
Dg are smooth up to the boundary, and the asymptotic conditions and H()2|) imply that they 
decay exponentially fast for s — > +00. 

Claim 1. If n = 1 and S{s, t) ^ Qa ^ ( ^ ^ ), with a e M \ {0}, then 



a ^ 
indL>+^ = = -f-iczil)- 

( e"* \ 

Notice that in this case ^{t) = ( ^ 1 , so (|HT|l is satisfied, and by [icz(ri) = 0- 

Let u e kerDg ^. Then u is a smooth solution in M^^''"(]0, +oo[xT, R-^) of 

{dgU — Jodtu — QaU = on [0, +cx)[xT, 

ui(0,i) = VfeT. 

Then the function 

\{s,t) ifs>0, 



w(s, t) 



(— ui(— s, t), U2(— s, t)) if s < 0, 
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belongs to M^^'''(R x T,R^), and solves the same problem. Hence, w belongs to the kernel of the 
translation invariant operator Dq^^\, which is invertible by (i), so w = 0. By (iii-a), a similar 



argument shows that also the cokernel of Dq 
particular its index is 0. 



is (0). Therefore Dt, ^ is invertible, and in 



Claim 2. li n = 1 and S{s, t) = 91, with 6* e M \ 27rZ, then 



27r 



- 1 = -ficzh). 



(66) 



Notice that in this case 7(t) = e*^'^", so condition (|61|l is equivalent to 9 ^ 27rZ, and by 
/icz(7) = 2L0/(2^)J +1.^ 

By separating the variables, it is easily seen that the solutions of the equation 

dsu - Jodtu - 9u = on[0, +cx)[xT (67) 

have the form 



In order for such a function to decay for s — > +oo, it is necessary that Qi = whenever 9~2TTh > 0, 
so in the sum above h ranges from [(?/(27r)] to +oo. In particular, the first component of u{0,t) 
is 

ui{0,t) ^ ^ {^hCOs2Trht + r]hSm2TTht). (68) 

/i=re/(27r)1 

Recalling that {1, sin27rt, cos 27rt, sin47rt, cos47ri, . . . } is a complete orthogonal family in L^(T), 
we find that: 

• a 9 > 0, Mi(0, •) vanishes identically on T if and only if =1111 = for every h; 

• a 9 < 0, (|68|l can be rewritten as 

-[e/(2,r)l 

wi(0,t)=Co+ ^ ((6i +C-/i)cos27r/it + (?7/i - 7]_h) sin27r/it) 

h=l 

+ {^h COS 2Trht + rjfi sin 2Trht) , 

SO ui(0, •) vanishes identically on T if and only if £^h = Vh = for h > — \9/{2tt)~\ + 1, = Oj 
£.^h = -£.h and ij^h = Vh for e {1, . . . , - \9/{2tt)'] }. 



We conclude that the kernel of Dgj ^ is (0) when 9 > 0, and it consists of the functions 

^ g(e-27r/i)Sg27r/itJo ^ j ^ g{6+2Trh)s ^-2TrhtJo ^ 

when 9 < 0. Therefore 



dim ker D'^j ^ 



if 61 > 0, 

l-2\£] if0<O. 



By (iii-a) , the annihilator of the range of D^j ^ consists of the smooth IR^"-valued maps on 
[0, +oo[xT which solve 

' dsV + Jodtv + 9v ^ on]0,+oo[xT, 
vi{0,t) = V<eT, 
^u(s, •) ^ for s +0O. 



40 



Since v solves the above system if and only if w{s,t) — Jow(s, ~t) solves 



dsW — Jodtw + 6w — on]0,+oo[xT, 
W2(0,i) = V<eT, 
w(s, •) — > for s +00, 



we find 



dim coker D^j ^ = dim kcr D^gj ^ 







if 6* < 0, 



and the index formula 1)66(1 follows. 

Proof of (a). Now let S be arbitrary. If fJ^czil) is odd, we can find e M \ 2nZ such that 



2tt 



+ 1 = Mcz(7)- 



Reordering the coordinates (91 (7„ , pi p„) as (gi , pi ,...,(?„ , p„) , we consider the symmetric 
matrix 

■ ■ 



^0 = 







By Claim 1 and Claim 2 we have 

indD+_A = -Mcz([0,l] 9t^e*^"^°) 



27r 



-Mcz(7)- 



If ^cz{l) is even and n > 2, we can find 6*1, G K \ 27rZ such that 



and setting 



5*0 



277 



Si 
6*1 



1 = 1, 



27r 



02 

82 



we obtain again 

indi?+ _A = -Aicz([0, 1] 9 t ^-^ e*^°^«) = -2 



1 

1 



27r 



1 - 2 



_W2_ 

27r 



1 

1 



1 



-Mcz(7)- 



Since the Conley-Zehnder index labels the connected components of the set it is easy to 
construct a continuous homotopy 

i/r : [0,+oo[xT^ gI(2n,R), re [0,1], 

such that Hq = So, Hi — S, Hr{+oo, t) is symmetric for every t S T, and the solution 7^ of 

satisfies (I6III . Then r 1-^ D^!^ ^ is a continuous path of Fredholm operators, hence 

indZJ^A = indlJ^^^A = i^dD^^^ ^ = i^dD^^^ ^ = -fj-cz{l)- 

This proves the index formula ((63(1 in the case nczi'y) odd or n > 2. The analysis is not complete 
in the case n = 1, but this case follows from the case n = 2 by considering S (S) S. 



Claim 3. If n = 1 and S{s, t) = 61, with 6* e M \ ttZ, then 



^(7Ao, Ao) 



(69) 
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Notice that in this case ^{t) = e^*'^°, is equivalent to 9 ^ ttZ, and by ifTUIl fJ-i^Xo, Aq) = 
10/Tr\ + 1/2. The solutions of 

{dsU — Jodtu — 9u = on ]0, +oo[x]0, 1[, 
ui(s,0) = Mi(s,l) =0 Vs > 0, 

have the form: 

In order for such a function to decay for s +oo it is necessary that 77/1 — when 9 — In: > 0, so 
in the sum above h ranges from \9/t:~\ to +00. In particular, 

+00 

ui{0,t) — y r/fiSmhiTt. (70) 

h=\e/TT] 

Recalling that {sinTrt, sin27rt, . . . } is a complete orthogonal family in L'^QQ, we find that: 

• if 6* > 0, Mi(0, •) vanishes identically on [0, 1] if and only if ry^ = for every h; 

• if 6* < 0, H7()|l can be rewritten as 

-[e/n] +00 

Mi(0,t)= y^ {rjii — r/^h) sill hirt + 77/,, sin /i7ri, 

h=l h=-\e/7r]+l 

so ui{0, •) vanishes identically on [0, 1] if and only if 77^ = for every h > — \9/tt~\ + 1 and 
r]-h = rih for every he {1,.. . ,-[6'/7r]}. 



We conclude that the kernel of Dgj is (0) is ^ > 0, and it consists of the functions 
^^f^y h=i 



when 9 < 0. Therefore 



dimkeri?+. = r ^ > °' (71) 

By (iii-b), the annihilator of the range of D^j ^ consists of the smooth R^"-valued maps on 
[0, +00 [x [0, 1] which solve 



' dsV + Jodtv + 9v = on ]0, +oo[x]0, 1[, 

wi(s,0) =wi(s,l) = Vs > 0, 

W2(0,<) = V<e[0,l], 

^v{s, •) — !■ for s — !■ +00. 

The solutions of the first two equations of (|72|l have the form 



(72) 



Vh 



In order for such a function to decay for s — > +cx), it is necessary that rj^ = whenever hir — 9 > 
so in the above sum h ranges from —00 to [^/ttJ. In particular, the second component oi v{Q,t) 
is 

^^2(0,*)= y rjiicoshnt. (73) 

h<le/ir\ 

Recalling that {1, costt^, cos 2TTt, . . . } is a complete orthogonal family in L^QO, 1[), we find that: 
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• if 6* < 0, fi(0, •) vanishes identically on [0, 1] if and only if rjh — for every h; 

• if 6' > 0, ()73|l can be rewritten as 

Lft/TTj 

«2(0, t) = ?/o + ^ iVh + V-h) cos hnt + ^ r/h cos hnt, 

h=l h<-\e/iT\ 

so W2(0, •) vanishes identically on [0, 1] if and only if 770 = 0, rj}^ = for every h < — [(J/vrJ, 
and r]-h = -r/h for every h € {1, . . . , 19/t:\ }. 

We conclude that the space of solutions of (|72|l is (0) if < 0, it consists of the functions 



- (h7T-\-8) S ^ — hTTtJo 

h=l 

when 9 < 0. Therefore 



dimcokerDt, n ~ a , ^ 

|[|J if6l>0. ^ ' 

The index formula Ht)9|) follows from H71|) and (|74|l . 

Proof of (b). Since 7(0) = / and 7(l)Ao n Ao = (0), ni'^Xa, Ao) - n/2 is an integer (see |3] 
Corollary 4.12), so we can find numbers 0i, . . . 6'„ e M \ ttZ such that 



E 



If 5*0 is the symmetric matrix 



TL 

+ 2 " //(7A0, Ao). 



^" " ( 0' 0^1 ) ® ■ ■ ■ ® ( 

and 70 : [0, 1] Sp{2n), 70 (i) = e*''°^° , by Claim 3 we have 



h 

ind^s^^o = 2 - Ai(7oAo, Ao) = - XI 



= ^ - Ai(7Ao, Ao). 



By Corollary 4.11 of [U, two paths 70,71 : [0, 1] -> Sp{2n) with 7^(0) = / and 7j(l)Ao n Aq = (0) 
are homotopic within this class if and only if 

m(7oAo, Ao) ^ /i(7iAo, Ao). 

Therefore a homotopy argument analogous to the one used to prove (a) allows to conclude the 
proof of 



3.2 Compatible orientations 

The aim of this section is to orient the manifolds A^ + (g, x) in a way which is compatible with the 
orientations of Ai{x, y) and of W'^{q), for every x,y E 'P{H) and q E VlL). The construction will 
be analogous to the one described in section IT"^ 

Fix some r e]2, 4], and denote by the set of operators 

of the form 

V 1-^ dgV — Jodtv — S{s,t)v, (75) 
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where 

S'e C°(]0,+oo] X T,0[(2n))nL''(]O,l[xT,0[(2n)) 

is such that the loop 5(+oo, •) : T ^ Sym{2n) is a non-degenerate path, in the sense of section 
11.41 By Theorem (a), Dg^ is a Fredholm operator of index — /xcz(7s(+oo, ))- 
Similarly, T,'^ will denote the set of operators 

Dtn ■■ <;''(]0,+^[x]0,1[,m2") ^ L'^(]0,+(»[x]0,1[,R2") 

of the form (|75|l . where 

S* e C°(]0, +00] X [0, 1], 0l(2n)) n L'^QO, l[x]0, 1[, 0l(2n)) 

is such that the path S{+oo,-) : [0,1] — + Sym{2n) is non-degenerate. By Theorem 13.41 fb). i^g^ 
is a Fredholm operator of index n/2 — /i(7s(+oo, )(')''^0; •^o)- 

Therefore E+ C Fred(VF^'^ L'^) inherits the norm topology and it is the base space of the 
restriction of the determinant bundle. As before (and essentially for the same reasons), this line 
bundle is non-trivial on some connected component. 

If S'+ g C*'(T, Sym{2n)) (resp. C°([0, 1], Sym{2n))) is a non-degenerate path, we can consider 
the subset of S+ , 

:^{i^+eI]+|5(+oo,.) = 5+(.)}. 

The space S+(S'"'") is contractible (it is actually star-shaped), so the restriction of the determinant 
bundle to it - denote it by Det(S+(5'+)) - is trivial. 

Two orientations o{Si) of Det(S+(5i)) and o{Si,S2) of Det(E(5i, S'2)) induce in a canonical 
way an orientation 

0(5i)#0(5i,52) 

of Det(E+(S'2)) (exactly as in section 3 of ^5). By construction, 

o{S+)#o{S+,S+) ^o{S+). (76) 

Associativity now reads as 

(o(5i)#o(5i,52))#o(52,53) -o(5i)#(o(5i,52))#o(52,53)). (77) 

Let us fix a coherent orientation for S. A compatible orientation for S+ consists of a set of 
orientations o{S^) of Det(S]+(S'+)), for every non-degenerate path 5+, such that 

o(5i)#o(5i,52) = 0(^2), (78) 

for every pair (Si ,82) of non-degenerate paths. A compatible orientation for S+ can be constructed 
simply by choosing an arbitrary non-degenerate path Sq-, by fixing an arbitrary orientation o{So) 
of Det(I]+(S'o)), and by setting 

o{S+) ■.= o{So)#o{So,S+), 

for every non-degenerate path 5*+. The identity (|76|l implies that this is well-defined. The com- 
patibility condition (|78|l follows from the associativity property (|77|l and from the coherence of 
the orientation for S, i.e. H22|) . Actually, the above argument shows that there are exactly two 
orientations for which are compatible with a given coherent orientation for E. 

For every x e 'P{H) let $3, be the unitary trivializations of x* (TT* M) mapping Xq into the 
vertical bundle, as chosen in section IL^ Let Sx be the corresponding non-degenerate path. Let 
us fix a coherent orientation for S, and a compatible orientation for Let us fix orientations of 
the unstable manifolds PF"((?), for every q E V{L). These data will now determine an orientation 
of 

BetiDfd+^iu)), 
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the determinant of the fiberwise derivative of the section 

at every u E A4^{q,x), for every q E 'P{L) and x E V{H). 

Namely, let q E 'P(i), x E V{H), and u E A^ + (g, a;). The closed finite codimensional subspace 

Wu^{wE TuB+iq, x) I DT*iuiO, ■))[w{0, •)] = 0} 

is the kernel of the continuous linear surjective operator 

T^B+iq,x) ^ Tr*ouio,-)W^{q), w ^ Dr*(u(0, ■))[w{0, •)], 

so the orientation of W"{q) induces an orientation of the quotient TuB'^{q,x)/Wu, that is an 
orientation of the line 

A-^--{T^B+iq,x)/Wu). 

By Lemma 13.31 we can find a unitary trivialization of u*(TT*M) which agrees with $3; for 
s = +00, and maps Aq into the vertical subbundle. As we have seen in section r3.1l conjugates 
the restriction D fdj ^{u)\w^ to an operator Dg belonging to E'^(S'a;). Therefore, 

BetiDfd+H{u)\wJ = I^ct{D+) 

inherits an orientation from o{Sx)- The analogous of Lemma 13 in |lUj implies that such an 
orientation does not depend on the choice of the trivialization From the canonical isomorphism 
(see (0) 

^e^iDfd+Hiu)) - DctiDfdjj,iu)\wJ(E)A"'''^TuB+{q,x)/Wu), 

we get the required orientation of Det{D fd^ ^^{u)). 

Therefore, when the section : B^{q,x) 'W^{q,x) is transverse to the zero section, we 
obtain an orientation ofM~^{q, x). In particular, when m{q) — fj-{x), the zero-dimensional manifold 
Ai^{q,x) is oriented, meaning that each point u E M~^{q,x) is given a number e(u) E {—1,-1-1}. 

3.3 Compactness and convergence to broken trajectories 

The following result is now an easy consequence of the L°° estimates of Theorem II. 91 

Theorem 3.5 Assume that || J— J||oo < ji, where ji is given by Theorem \l.!A For every q E V{L) 
and X E V{H), the space AlJ((7,x) (resp. M'^{q,x)) is pre-compact in Ci'^(,([0, -|-oo[xT, T*A/) 
(resp. Ci-([0,+oo[x[0,l],r*M);. 

Proof. By 

A{x)<A{u{s,-))<£{q) -iuEM + {q,x). 

Since r*M(0,-) is an element in the unstable manifold of q, which is pre-compact in the W^'"^ 
topology because of Proposition 12.51 the W^'"^ norm of r*u(0, •) is uniformly bounded. The fact 
that r < 4 implies that W^'^{]id, l[) continuously embeds into W^i"i/''''^(]0, 1[), so also the VF^-i/''''' 
norm of t*m(0, •) is uniformly bounded. By (HI), (H2), and the bound on \\J — J|loo, statements 
(iii) and (iv) of Theorem 11.91 implv that M^{q,x) is bounded in L°° . 

The fact that oj = d9 implies that for every t E [0, 1], there are no non-constant Jj-holomorphic 
spheres in T*M, and no non constant Jj-holomorphic discs having boundary on some fiber of T*M. 
Therefore a standard bubbling off argument implies that A4~^{q, x) is bounded in C^, and then an 
elliptic bootstrap produces bounds for the derivatives of every order (see for instance |S] or |26| 
for more details). 

The above result has the following consequence, which can be proved by standard methods 
from Floor theory (see e.g. jSOl ED HZ]). 
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Proposition 3.6 Assume that || J — J|loo < ji- Let {uh)heN be a sequence in A4'^{q,x) and set 
Qh Ufi{0, •). Then there exist — q,q^, . . . ^q"^ G V{L), a;*^, , . . . ^x^ ~ x V{H), with a, 6 G N 
and 

£{q") > £{q^) > ■ ■ ■> £((Z°) > Aix") > Aix^) >■■■> Aix''), 

curves 

t e Wiq^) n W'(q^), q" e Wiq"-^) W^q"), 

and maps 

e M+iq", x°), e M{x°, x^), . . . , u'' e M{x''-\x''), 

such that a subsequence {qh^ , Uhf.)keri converges to {q^ , . . . , g"; u", . . . , u^) in the following sense: 
there are sequences (i^)fceN C] — oo, 0], j G {1, . . . , a}, and (s'[)A:gN C [0, +oo[, j G {1, . . . , b}, such 
that ^ 

<^-Vg£(*'J ^ 9\ • ■ • , 0*-v,£-(*'J ^ 9", in A^(M) (resp. m n^{M, qo, qi)), 

and 

Uh, M°, Uh,{-+sl,-) ^ ■u\ . . . , Uh^{- + si, •) -> in C^^. 
3.4 Trans versality and gluing 

Transversality holds automatically at the stationary solutions. Indeed, we have the following: 

Proposition 3.7 Assume that q g Vi^L) and x € 'PiH) correspond to the same solution by the 
Legendre transform, meaning that ZL{t,q(t),q(t)) = {t,x(t)) for every t. Then 

Dfdjj,{x) : T,B+{q,x) ^ W+iq,x), 

the fiherwise derivative of fj at the stationary solution x, is invertible. 

Proof. We already know from Theorem 1221 that Dfdjjfix) is Fredholm of index 0, so it is 
enough to show that its kernel is (0). If Ci and ^2 are sections of x* {TT* M) [0, 1], set 

((Ci,C2))l^, = f\ci{t),C2{t))j,dt. 
JO 

Since a; is a critical point of A, we have 

d'A{x)[a,C2] = ((V2^(x)Ci,C2))l^,, (79) 

where the operator 

y^jAixX = -J{t, x){VtC - VXnit, x)0 

is ((•, •))^2 -symmetric. Here V denotes the i-dependent Levi-Civita covariant derivation corre- 
sponding to the i-dependent metric (•, •),/(. Moreover, 

Dfdju{x)v = VsV + Vj^(x)u. 

Assume thatw e kci Dd"^ ^{x): v is aW^^'' section oix* {TT* M) [0, +cx)[xT (resp. a;*(Tr*Af) ^ 
[0, +cx)[x [0, 1] with v(s, 0) e T^^^^T*M, v{s, 1) e T^^^^T*M for every s > 0) such that 

i:=DT*{x{-))[v{0,-)]eT,W"{q), (80) 

and 

V,v + y^jAix)v ^0. (81) 

By m, 

d'£{q)[t^]<0- (82) 
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Consider the function ip : [0, +oo[^R, (pis) — ||w(s, •)||^2 ■ By (IHTTl . 

if'is) = -2{{v{s, ■),^^jA{x)v{s, , (83) 
^"{s)=A\\V^jA{x)v{s,-)\\l.>Q. (84) 

Therefore is convex. Since ^p{s) converges to for s +oo, either (p is identically zero, or p'{0) 
is strictly negative. If by contradiction the second case holds, (|79|l and l|83|l imply that 

d'^Aix)[v{0,-),v{0,-)] > 0. 

On the other hand, by (|82(l and Lemma [2. 31 wc obtain 

d^A{x)[v{0,-),viO,-)] < d'£{qm,i] <0, 

a contradiction which proves that v — 0. 

We shall denote by J'reg{H,g) the set of all almost complex structures J E such that for 
every q £ 'P{L) and every x S V{H), the section 

:S+(g,x)^>V+(g,x) 

is transverse to the zero section. 

Theorem 3.8 The set J,-cg{H,g) is residual in J{H). 

Indeed, by Proposition 13 . 71 transversalitv is automatic when q and x correspond to the same 
solution. If this is not the case and u £ A4'^{q,x), t*u(0, •) cannot be equal to the projection 
T* o X (because W^^q) n crit(£) = {q}), so u is not a stationary solution. Therefore Theorem 13. 81 
can be proved by a standard argument using the Sard-Smale theorem and the Carleman similarity 
principle (see [TT]). 

The following gluing result can also be proved by standard methods. The proof is completely 
analogous to the Floer gluing theorem such as proven in |27| or the one proven in j31| . 

Proposition 3.9 Assume that J e JrcgiH,g). 

(a) Let q°,q^ EV{L), x&V{H), with n{x) ^ m{q^) ^m{q°)~l, let q^ £ W'iq^) nW^{q^), 
and M° G Ad'^^q^^x). Then there exists a smooth curve [0, A4^{q^,x), r i— > u{r), unique up 
to reparameterization and up to choice of its value at r = 0, which converges to (g^;u'^) in the 
sense of Proposition \'-i.fA for r — s- 1. Such a curve is orientation preserving - with respect to the 
orientation of M^{q^,x) defined in section \3.'A - if and only if t{[(f-])e[u^) = 1. 

(h) Let q e V{L), x°,x'^ £ 'PiH), with m{q) = n{x°) = n{x^) + 1, let u° £ M+iq,x°), and 
£ A4{x'^,x^). Then there exists a smooth curve [0, 1[— > Ai^{q,x^), r u{r), unique up to 
reparameterization and up to choice of its value at r — 0, which converges to (0;u'^,u^) in the 
sense of Provosition \S.6\ for r — > 1. Such a curve is orientation preserving - with respect to the 
orientation of M^{q,x^) defined in section W^ - if and only if e{u'^)e{[u^]) = 1. 

3.5 The isomorphism 

Let us prove Theorem 13. II Since the isomorphism class of the Floer complex {CF^,{H), d^,{H, J)} 
does not depend on J S Jrcg{H) (Theorem I1.12|) . by Theorem 13.81 we may assume that J also 
belongs to JregiH^g) and that || J — J||oo < ji, where ji is given by Theorem II. 91 

Let q £ V{L) and x £ V{H) with m{q) — /i(x). Then the zero-dimensional manifold A4'^{q,x) 
is compact: otherwise we could deduce a violation of transversality from Proposition 13. 61 There- 
fore, A4~^{q, x) is a finite set, and we can indicate by n+(g, a:) the integer 

n'^{q,x)= ^ e(u). 
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the numbers e(u) having being defined in section r3.2l The sequence of honiomorphisms 



ek^ek{H,J,g):CMk{£)^ CFk (H), k£N, 
can be defined in terms of the generators as 

Qf^q = n'^ (q, x)x, for q G 'P{L), m{q) = k. 

xeP(H) 

A standard argument using Propositions 13.61 and 13.91 imphes that is a chain homoniorphism, 
meaning that 

Qk-idk{£:g) = dk{H,J)ek ■ik>l. 

Assume that £{q) < A{x). Then (|58|l imphes that A4^{q, x) is empty - hence n^{q, x) ^ - unless 
q and x correspond to the same solution by the Legendre transform, in which case Ad'^^QyX) = 
{{q, x)} - hence W^iq, x) = ±1. Let us order the generators of CMk{£) and CFk{H) by increasing 
action, choosing any order for subsets of solutions with identical action (but keeping the same order 
for the solutions of the Lagrangian system and the corresponding solutions of the Hamiltonian 
system). Then the homomorphism 6^ is represented by a (possibly infinite) square matrix which 
is lower triangular and has the entries ±1 on the diagonal. Such a homomorphism is necessarily 
invertible, hence O is a chain complex isomorphism. 

Finally, M.{q,x) is necessarily empty - hence ri^{q^x) = - if g and t* o x are not homotopic 
within the space of free loops (resp. within the space of curves joining go to qi). Therefore is 
compatible with the splitting of the Morse and the Floer complexes corresponding to the partition 
of 7ri(M) into its conjugacy classes (resp. into its elements). This completes the proof of Theorem 
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